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Detecting new states of matter requires new experimental probes. For
example, though the quantum spin liquid has been studied theoretically
for decades, it remains challenging to identify a spin liquid in the lab. Mea-
surement of the thermal Hall conductivity has emerged as a promising
new tool for identifying exotic states of matter, including the spin liquid.
However, the interpretation these data is complicated by the fact that the
transport measurement is agnostic to the type of heat carrier. Addition-
ally, it is difficult to determine from the transport measurement whether
the Hall conductivity is intrinsic, a property of bandstructure, or extrinsic,
a result of scattering. For this reason, experimental probes with additional
specificity are needed to clarify the mechanism of the thermal Hall effect.

Here, we develop an experimental technique using pulse echo ultra-
sound to isolate the intrinsic phonon Hall effect, which is a consequence
of phonon Berry curvature, or equivalently, Hall viscosity. In addition to
a thermal Hall effect, phonon Hall viscosity results in an acousitc Fara-
day effect – the time-odd rotation of the polarization of transverse sound
waves. The experimental method presented here measures the acoustic
Faraday rotation and is therefore sensitive specifically to the source of in-
trinsic phonon Hall conductivity.

We first test the technique in yittrium iron garnet (YIG), a simple fer-
rimagnet with known magnetoelastic coupling. Using broadband ultra-
sonic transducers, we extend the existing measurements of the Faraday
rotation of YIG, strengthening the interpretation of the data in terms of
Kittel’s model of coupled magnons and phonons.

After confirming the validity of the method, we turn to the spin liquid
candidate α-RuCl3. We find non-zero phonon Hall viscosity in α-RuCl3

which peaks near its critical magnetic field, suggesting that the viscosity is
the result of coupled spin and lattice degrees of freedom. The Hall viscos-
ity persists above the Neel temperature of α-RuCl3, implying a mechanism
distinct from magnon-phonon hybridization. The value of the Hall viscos-
ity we extract can account for a significant portion of the observed thermal
Hall effect, implying that the thermal Hall effect of α-RuCl3 is largely in-
trinsic, with the transverse heat carried by phonons.
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Chapter 1

Introduction

1.1 For everyone

Thermal conduction is one of the most intuitive ideas in physics. We all
know the feeling of heat leaving our body on a cold day. We’ve all seen
ice melt into a puddle in the sun. The basic idea is simple: hot things get
colder and cold things get hotter. Temperatures tend to even out as heat
moves between objects – we all know that.

This intuition, however, leaves many questions unanswered. How, ex-
actly, does “heat energy” (whatever that means) move from place to place?
Why do some objects seem to hold heat in while others allow heat to move
around easily? The answers to these questions go incredibly deep and,
in addition to having real-world applications, the fundamentals of such
seemingly simple questions continue to occupy materials physicists.

It turns out that a very useful framework for answering these questions
starts with specifying exactly what we mean when we say an object is at a
particular temperature. A decent working definition is that temperature is
the amount of microscopic movement occurring inside a material, where
the hotter an object is, the more its constituent parts jostle around. Thermal
conduction is the diffusion of these microscopic movements within and
between objects. The study of thermal conduction, then, boils down to
asking what all this microscopic movement looks like: what, exactly, is
moving (atoms? electrons?) and how do these moving entities respond to
their environment?

The work presented here focuses on the thermal motion of nuclei, for-
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CHAPTER 1. INTRODUCTION 2

mally known as phonons, commonly known as sound waves. All materi-
als have nuclei, and so all materials move heat around via sound waves.
Despite their simplicity, sound waves still seem full of surprises. This
work will focus on the developing understanding, often hotly contested,
of the ways in which sound waves interact with magnetism to carry heat
in unexpected ways.

1.2 For the condensed matter physicist

Many phase transitions are obvious. Obvious in the sense that the order
parameter – the object that defines the phase – couples strongly to some
common experimental probe. The magnetic moment of a ferromagnet
couples to magnetic field. [1] The ratio of lattice constants, which can be
measured with x-rays, changes across a structural phase transition. [2, 3]
Similarly, phases defined without reference to an order parameter may be
identified by the spectroscopic signatures of their excitations. The Fermi
liquid is defined by sharp, long-lived quasiparticles which can be detected
by angle-resolved photoemission spectroscopy. [4, 5]

Examples exist, however, where the defining feature of a phase is “hid-
den” from conventional probes. Two particularly beautiful and much-
studied examples are the pseudogap phase of hole-doped cuprates and
the spin liquid phase of frustrated magnets. [6, 7, 8] [9, 10] In both cases it
is difficult to probe the phase directly, either because the order parameter
is unknown (the pseudogap) or because the excitations are challenging to
detect with existing experimental probes (the spin liquid). Despite years
of study, the pseudogap is poorly understood and there is no definitive
evidence that a spin liquid exists. Understanding these phases is a press-
ing problem in condensed matter physics of both fundamental scientific
interest and with potential technological applications.

When the order parameter is unknown or difficult to address, indirect
probes are necessary. To obtain a better understanding of these phases,
transport experiments are some of the most informative and straightfor-
ward to perform. Transport measurements provide information about
a system’s mobile excitations: Quantum oscillations in resistivity reveal
Fermi surface geometry. [11] The current-phase relation of a Josephson
junction probes the superconducting Cooper pairs on either side of the de-
vice. [12] Thermal transport measurements give information about a crys-
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Figure 1.1: Understanding phases of matter: Phase diagrams of the
hole doped cuprates (panel a) and the frustrated magnet α-
RuCl3(panel b). Though the pseudogap is thought to be a dis-
tinct thermodynamic phase, the order parameter and its rela-
tionship to high temperature superconductivity is not under-
stood. Frustrated magnets are known, theoretically, to be fa-
vorable enviroments for exotic states like the spin ice or quan-
tum spin liquid. Despite years of searching, there is not yet
definitive evidence for the physical realization of a spin liquid.

tal’s mobile heat carriers. [13, 14] In this way, transport experiments pro-
vide valuable insight into a system’s quasiparticles and its ground state.

The results of a transport experiment are sometimes definitive, and one
of the most striking examples of insight from transport is the discovery of
the fractional quantum Hall effect. At low temperature, the Hall resistance
of a gallium arsenide two-dimensional electron gas measured as a func-
tion of perpendicular applied magnetic field exhibits a series of plateaus.
[15] These plateaus track the system entering a series of fractional quan-
tum Hall states. [16] Remarkably, the value of the Hall resistance at each
plateau unambiguously identifies the system’s ground state at that value
of applied magnetic field.

Interpreting transport measurements, however, is rarely so straightfor-
ward and is more often complicated by details of modeling or the exper-
imental setup. For example, Josephson tunneling measurements in the
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Figure 1.2: Thermal Hall effect: Transport experiments such as measure-
ments of the thermal Hall effect are powerful probes of an in-
sulating system’s quasiparticles. (a) illustrates the cannonical
experimental setup: a sample is clamped to a heat bath (cold
finger) and a heater is attached to the opposite end. The entire
mount is made of electrically insulating material to avoid con-
tamination by the thermal Hall effect of electrons in a metallic
mount. Opposing thermometers measure the development of
a transverse temperature gradient in the presence of an applied
magnetic field. (b) shows a sample of α-RuCl3 ready for mea-
surement. The heat sink, in this case, is made of copper and
the thermometer contacts and thermal link between the sam-
ple and heat sink are made with silver paint.

unconventional superconductor Sr2RuO4 were put forward as strong evi-
dence of an odd-parity superconducting state. [17] Subsequent NMR and
ultrasound experiments called this interpretation into question. [18, 19]
Despite the apparent simplicity of the experiment, it is likely that the de-
tails of scattering off the tunneling barrier complicate the original analysis.
[20] The microscopic details of transport processes are non-trivial and can
qualitatively reframe the interpretation of the data.

With this in mind, we turn our attention to a relatively new transport
technique that has direct relevance to both the pseudogap and the spin
liquid: the thermal Hall effect of insulators.[21, 22] The thermal Hall ef-
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fect describes a transverse temperature gradient that develops when heat
flows perpendicular to an applied magnetic field. It is exactly analogous
to the electrical Hall effect on substituting heat current for electrical cur-
rent and temperature difference for voltage drop. As such, it promises
to give similarly rich information about exotic insulating systems, where
electrical transport cannot be performed. The difficulties in understanding
the data will fall somewhere between the fractional quantum Hall effect in
GaAs and the parity of the order parameter in Sr2RuO4.

One of the primary complications in interpreting these measurements
is that, unlike electrical transport where only mobile electrons participate,
in a thermal experiment heat conduction has many sources. Phonons,
magnons, spinons, polarons – anything with dispersion can play a role.
As we will see later, this presents both experimental and theoretical chal-
lenges. Lattice vibrations in particular, which are always present, are a
significant unsolved problem in the thermal Hall effect. In short, thermal
transport sees too much, and is agnostic to which heat carrier is responsi-
ble for the thermal Hall signal.

A second, more subtle unresolved issue is whether, in a given experi-
ment, the process that generates a thermal Hall effect is intrinsic or extrin-
sic. By intrinsic we mean that the magnitude of the effect is independent of
the mean free path of the heat carrier, resulting, for example, from the band
structure of the heat carrier. In contrast, an extrinsic Hall effect depends
on the mean free path and is generally the result of a scattering process.
In principle experiments that systematically tune the scattering rate could
disentangle these contributions. In practice, though some examples exist,
“tuning disorder” is laborious and difficult to achieve quantitatively. [23,
24, 25] The issue is further complicated by the fact that both mechanisms
can be present simultaneously.

In light of these complications, this thesis presents an ultrasonic mea-
surement to complement thermal Hall experiments. We propose the
acoustic Faraday effect as a probe of phonon Hall viscosity, and therefore
of the intrinsic phonon contribution to the thermal Hall conductivity. This
chapter reviews the literature of the thermal Hall effect in insulating ma-
terials and outlines the possible role of phonon Hall viscosity. The follow-
ing chapter presents our experimental method, pulse echo ultrasound, in a
broader context. We then present our protocol for measuring the acoustic
Faraday effect using the model system YIG, a relatively simple magnetic
insulator. The final chapter summarizes our measurements of the phonon
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Hall viscosity in the purported spin liquid α-RuCl3.
The thermal Hall effect is a unique and powerful window into un-

conventional phases of matter. It appeared to unambiguously identify α-
RuCl3 as a spin liquid. It pointed to a unifying physics underlying the
pseudogap phase of cuprates. However, as we’ve hinted at above, ther-
mal transport has limitations. The ultrasound experiments presented here
aim to add specificity to the information contained in thermal transport
data. The experimental protocol sheds light on a fundamental but diffi-
cult to measure aspect of phonons, their Hall viscosity, and sharpens our
understanding of unconventional phases of matter more generally.

1.3 Thermal Hall effect of insulators - review of
the data

1.3.1 The beginning: phonons in a dielectric

The electrical Hall effect is well-understood. [26] In the presence of a mag-
netic field the Lorentz force bends electron trajectories, resulting in trans-
verse heat and charge currents. In insulating systems, it is not obvious
how a Hall current is generated – what couples charge neutral objects to a
magnetic field? Despite an apparent lack of intuitive motivation, the study
of the thermal Hall effect in insulating crystals is decades old. Here, we
briefly review the experimental data and their evolving interpretations,
focusing on magnetic oxides.

For the reasons mentioned above, attempting to measure the thermal
Hall effect in an insulator is not clearly motivated. The initial observa-
tion of a phonon Hall effect by Strohm et al. was inspired by analogy to
the behavior of light. [27] In the presence of an applied magnetic field,
the proper description of electromagnetic radiation is in terms of left and
right circular waves. A theoretical proposal and follow-up experimental
work (carried out ten years before observation of the phonon Hall effect)
showed that, despite being electrically neutral, left and right hand polar-
ized light waves in a scattering medium can exhibit different scattering
rates.[28, 29] By an intuitive leap, Strohm et al. posited the existence of the
thermal Hall effect of phonons.

The cartoon reasoning is simple: if an excitation is described by left and
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right hand polarizations whose energy splitting and scattering rate is con-
trolled by an applied magnetic field, energy will diffuse with a preferen-
tial handedness. The splitting of circular polarized light waves by a mag-
netic field is well-established. The analogous splitting of transverse sound
waves, referred to as the acoustic Faraday effect, is less well-known, but
was also predicted (Kittel, 1958) and experimentally measured (Matthews,
1960). [30, 31] In other words, the dispersion of the circular polarized
acoustic modes can be controlled and split by a magnetic field. Generi-
cally, then, the circular polarized modes will have different scattering rates
and generate a phonon Hall effect.

This intuition motivated the measurement of the phonon Hall effect in
terbrium gallate, a paramagnetic insulating dielectric. FIG XXXXa shows
the experimental configuration. In the experiment they attach two re-
sistive RuOX thermometers to opposite faces of a thin plate of terbium
gallate. The sample is attached to an insulating LiF heat bath on a non-
metallic mount to avoid contamination of the thermal Hall effect of elec-
trons in the surrounding material. A thin-film heater is attached opposite
the heat bath by which a heat current is passed perpendicular to the two
thermometers. This experimental arrangement, with some small but im-
portant modifications, remains the standard steady-state DC technique.

FIG XXXb shows the difference in resistance between the two sam-
ple thermometers as a function of applied magnetic field. To extract the
phonon Hall conductivity, they antisymmetrize the resistance difference
in applied magnetic field. When the magnetic field is applied perpendic-
ular to the heat current they find an antisymmetric temperature gradient
that grows linearly with applied magnetic field. The temperature gradient
is linear in applied thermal power and the antisymmmetric gradient van-
ishes when the magnetic field is directed parallel to the heat current. They
extract the thermal Hall angle of terbium gallate, θH = 4 ·10−4 at 5.45 K and
4 T.

1.3.2 Magnons and spin liquids

The Hall effect of phonons received little attention and no direct follow-
up experiments were done after Strohm. Instead, motivated by the ex-
perimental detection of the spin Hall effect, Onose et al. observed a ther-
mal Hall effect in the insulating ferromagnet Lu2V2O7. [32] FIG XXXXa
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Figure 1.3: Thermal hall effect of phonons and magnons: The initial mea-
surements of the thermal Hall effect of insulators were per-
formed on terbium gallium garnet, a paramagnetic dielectric.
(a) shows the antisymmetric in magnetic field transverse tem-
perature gradient across the sample with the magnetic field ap-
plied perpendicular and parallel to the heat current. A gradient
above the noise level appears when the applied magnetic field
is perpendicular to the sample, implying a non-zero thermal
Hall conductivity. (b) shows the thermal Hall conductivity of
Lu2V2O7, an insulating ferromagnet, as a function of applied
magnetic field. Note that here, the thermal Hall conductivity
is in not linear in magnetic field, but rather resembles the field
dependence of the anomalous electrical Hall conductivity. The
data are well-describesd by a theoretical model of the thermal
Hall effect due to magnons, plotted as a red solid line.

shows the thermal Hall conductivity of Lu2V2O7 as a function of applied
magnetic field at 10 K. These data are qualitatively different from those in
paramagnetic terbium gallate. Instead of a linear in applied magnetic field
effect, Onose et al. observe a rapid increase in the thermal Hall conductiv-
ity starting from zero applied magnetic field, after which the effect reaches
a maximum and decays in the high-field limit. In addition to the non-
monotonic magnetic field dependence, the the thermal Hall conductivity
was found to onset at the Curie temperature. These features in the data
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are reminiscent of the anomalous electrical Hall effect in itinerant magnets
and suggested new ways of understanding the Hall effect of insulators.

For this reason, the theoretical machinery used to understand the
anomalous Hall effect in metals was adapted to the magnon Hall effect
in insulating systems. In particular, the language of Berry curvature of
the heat carrying quasiparticles augmented the notions of diffusivity and
angular momentum employed in the initial work on the phonon Hall ef-
fect. Building off work done to understand the electrical Hall effect in the
cuprate superconductors, Lee et al. calculated the intrinsic thermal Hall
conductivity of an ordered magnet and of the spin liquid. [33] Theory
presented alongside the data on Lu2V2O7 also quantitatively understood
the effect in terms of the Berry curvature of the magnons, and was further
developed by Matsumoto. [34]

The discovery of the magnon Hall effect and its interpretation in terms
of Berry curvature suggested that the thermal Hall effect of insulators
could be used to look for new phases of matter. In particular, concurrent
interest in spin liquids gave rise to the idea of using the thermal Hall effect
as a screening tool for candidate materials. In this context, experiments
were focused on frustrated magnets, of which Tb2Ti2O7 and α-RuCl3 re-
ceived particular attention.

Tb2Ti2O7 is an insulating pyrochlore which, despite having large-
moment, magnetically active ions and Curier-Weiss temperature of -19
K, does not display magnetic order to the lowest experimentally acces-
sible temperatures. [35, 36] The frustrated magnetism and complex,
short-range spin correlations at low temperature gave some weight to
the idea that Tb2Ti2O7 belongs to the class of spin ices. [37, 38] Remark-
ably, Hirschberger et al. measured a large thermal Hall conductivity in
Tb2Ti2O7. [39] Though not immediately indicative of a spin liquid ground
state, the result demonstrated the existence of a thermal Hall effect in a ma-
terial with no well-developed magnons. Further, Hirschberger et al. argue
that, based on the range of magnetic fields and temperatures in which the
thermal Hall effect is observed, phonons alone cannot be the transverse
heat carriers.

A similar story, though at a higher register of excitement, played out
in α-RuCl3, a layered honeycomb structure with zig-zag antiferromagnetic
order onsetting at TN = 7 K. [40, 41] Despite the presence of magnetic order,
theoretical models predicted a spin liquid phase on suppression of mag-
netic order by an in-plane applied magnetic field. [42] Indeed, the con-
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tinuum of low-energy excitations observed in neutron scattering and an
anomalous, non-saturating magnetization in large applied magnetic field
were difficult to understand in terms of conventional magnons. [43, 44,
45]

The spin liquid phase of α-RuCl3 was predicted to host fermionic Ma-
jorana edge modes with a quantized thermal Hall conductivity (in direct
analogy to the conducting edge modes of the bulk-insulating quantum
Hall state). [46] In this context, a quantized thermal Hall conductivity
measured just above the critical magnetic field of 7 T was, on its face, the
first definitive proof of a spin liquid. [21] The initial experiment was done
with the applied magnetic field tilted out of the honeycomb planes. A
followup experiment by the same group showed quantization with the
magnetic field applied entirely in the honeycomb plane, the so-called pla-
nar Hall effect. [47] Breaking briefly with chronology, it is worth noting
that subsequent experiments by other groups failed to observe quantiza-
tion. Work by Czajka et al. found a similar magnitude of the planar Hall
conductivity but without quantization. [48]

1.3.3 Cuprates and the return of phonons

This is the point in the story where things get really messy. Putting aside
for a moment whether α-RuCl3 is a spin liquid and what the thermal trans-
port data mean, we turn to an experiment done in an entirely different
class of materials. Grissonnanche et al. measured the thermal Hall con-
ductivity in the underdoped high-temperature cuprate superconductors.
[22] They found a large thermal Hall effect across the underdoped series
extending from the insulating parent compound, La2CuO4, where the ef-
fect was largest, and vanishing at the end of pseudogap. These data were
particularly significant because they implied that the physics generating
the thermal Hall conductivity was confined to the pseudogap but also
present in the undoped compounds, pointing to a unifying physics of the
entire phase.

A companion study showed that, despite being high anistropic in their
magnetic and electronic properties, the thermal Hall effect of cuprates
is remarkably isotropic. [49] The heat carrying excitations that are most
isotropic in these cuprates are their lattice vibrations. Further, the temper-
ature dependence of the thermal Halll conductivity follows the tempera-
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Figure 1.4: Thermal hall effect of Majoranas and phonons: In a spin
liquid, transverse heat current may be carried by Majorana
fermions, resulting in a quantized thermal Hall conductivity.
(a) shows the magnetic field dependence of the thermal Hall
conductivity of spin liquid candidate α-RuCl3. A plateau is
observed as a function of applied magnetic field over a range
of approximately 1 T, near the region of the phase diagram
in which antiferromagnetic order is destroyed (see Figure 1.1).
This result generated great excitement, as the magnitude of κxy

at the plateau matches the quantized value predicted for a spin
liquid. However, the result proved difficult to reproduce. The
thermal Hall effect of underdoped cuprates was investigated
as a defining feature of the pseudogap phase. (b) shows the
temperature dependence of the thermal Hall conductivity of
insulating La2CuO4, the parent compound of the lanthanum
cuprate series, for two directions of applied heat current. The
nearly identical value of κxy, despite the highly anisotropic na-
ture of the layered cuprate, suggests the heat carriers are long
wavelength phonons.
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ture dependence of the longitudinal thermal conductivity, suggesting that
the same heat carriers are dominant in both channels. Therefore, the au-
thors conclude that the thermal Hall effect of insulating cuprates is due to
phonons.

The observation of the thermal Hall effect in insulating cuprates, com-
bined with a nearly simultaneous report of a thermal Hall effect in insu-
lating, non-magnetic SrTiO3, catapulted phonons back onto the thermal
stage. [50] In large part due to the magnitude of the effect in terbium gal-
late, phonons were dismissed as a major contributor in later experiments
where a much larger absolute value of thermal Hall conductivity and Hall
angle were detected. The experimental results in cuprates, which were
soon extended to other insulating parent compounds, strontium titanate,
and the antiferromagnetic insulator Cu3TeO6 were presented as evidence
that phonons alone can generate a significant thermal Hall effect. [51, 52]

Taken together, these data suggested a major shift in how we under-
stand the thermal Hall measurements in other insulators. Phonons are
present in every crystal lattice. If phonons are generically capable of pro-
ducing a thermal Hall effect, then any measurement of the thermal Hall
conductivity is potentially riding on a background phonons contribution.
This is problematic in the interpretation of a quantized thermal Hall effect,
especially in the case where the value of the thermal Hall conductivity has
direct bearing on the result. Indeed, Lefrancois et al found that α-RuCl3

exhibits a thermal Hall effect over a range of temperatures and applied
magnetic fields extending far beyond the purported spin liquid regime.
The suggestion is that in α-RuCl3 as well, the phonon Hall effect plays a
non-negligible role.

At the risk of sounding overly dramatic, amid all these developments
the study of the thermal Hall effect of insulators entered its late Roman
period. An ever-expanding list of insulators exhibits a thermal Hall ef-
fect. Iridates, pyrochlores, black phosphorus. [25, 53, 54] More recently,
even silicon, germanium, silicon dioxide. [55] It is beyond the scope of
this document to examine all these data in detail. The underlying mes-
sage, however, is that there may be something fundamental to phonons –
theoretically, or experimentally – whose importance has not yet been rec-
ognized.
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1.3.4 Summing up experiments

This account of the thermal Hall effect of insulators is incomplete; how-
ever, we see the overall progression of experimental focus. The phonon
Hall effect was originally conjectured and experimentally demonstrated
in a paramagnetic dielectric. The conceptual understanding was of the
anisotropic diffusion of magnetic field-split left and right handed modes.
The magnon Hall effect revived the idea of the Hall effect of charge-neutral
excitations, now understood in the language of the anomalous Hall ef-
fect in metals. Ideas in topology, namely quantized Berry curvature, led
to proposals that the thermal Hall effect could be used to identify exotic
phases of matter such as the spin liquid. This gave way to the study of
spin liquid candidates Tb2Ti2O7 and α-RuCl3. As a probe of exotic excita-
tions more generally, the thermal Hall experiment was conducted in un-
derdoped cuprates, leading the community back to the idea of a phonon
Hall effect.

We have come full circle. There is no obvious mechanism for the ther-
mal Hall effect in insulators, yet it seems ubiquitous. Magnons, phonons,
spinons have all been put forward as the heat carriers of the thermal Hall
effect and, as noted previously, the thermal transport experiment cannot
distinguish these contributions directly. So even this most basic question
– what carries the heat energy? – remains unanswered. A major open
question is the role of phonons and, in the following section, we will ex-
amine in more detail some theories of the phonon Hall effect and how
the proposed mechanism might be disentangled experimentally. This will
bring us to the Hall viscosity of phonons and acoustic Faraday rotation
measurements developed later.

1.4 Phonon Hall effect - brief review of theoreti-
cal perspectives

Broadly speaking, modern treatments of the phonon Hall effect are rooted
concentually in theories of the anomalous Hall effect in metals. [56, 57]
Both are anomalous because they appear in the absence of an external
Lorentz force. Because of this parallel development, we will first review
the sources of the electrical Hall effect, then port these ideas into the lan-
guage of thermal transport. The literature of theories of the anomalous
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Hall effect is vast and this account will be sparse: decades of experimental
work on the “extraordinary” Hall effect of magnetic systems (1881) pre-
ceeded the development of a microscopic theory from Karplus and Lut-
tinger (1954), and many more decades passed until the field seemed set-
tled enough to warrant a review (2010). We present only the essential ideas
(without reference to experiment) and how they appear in a semiclassi-
cal Boltzmann theory of the Hall effect. For the reaminder of this section
“Hall effect” will be used to refer to either the electrical or phonon analog,
or both, depending on context.

1.4.1 Orientation – anomalous Hall effect in metals

1.4.1.1 General considerations

Sources of a Hall effect are often divided between intrinsic contributions,
which would be present even in a detect-free crystal, and extrinsic con-
tributions, which rely on scattering. Extrinsic contributions are classified
by their dependence on the scattering rate, assuming that the scattering
potential is weak and can be treated perturbatively. The simple treatment
we will pursue here also assumes different scattering mechanisms do not
“talk” to each other (are statistically independent and do not coherently
interfere with each other). Many of the scaling laws relating the under-
lying mechanisms to the resulting conductivities also break down when
the assumption of isotropic scattering is dropped. All of this will become
important when we return to the thermal Hall effect of insulators.

We use the Boltzmann formalism to organize these contributions. The
Boltzmann equation is a means of calculating transport coefficients by
finding the deviation of the particle distribution function due to a driv-
ing field. The deviation of the distribution function is found by requir-
ing that, in steady state, the distribution shift due to the driving field be
balanced by scattering. For electrons in a uniform electric field the distri-
bution function, f , is a function of momentum only, and the stady state
solution satisfies

k̇
∂ f
∂k
=

(
∂ f
∂t

)
coll
, (1.1)

where (∂ f /∂t)coll is the time derivative of the distribution function due
to all sources of scattering. This provides the simplest conceptual division:
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Intrinsic Extrinsic

Berry curvature Side jump Skew Scattering

Figure 1.5: Summary of contributions to the anomalous Hall effect: Con-
tributions to the anomalous Hall effect can be organized ac-
cording to whether they depend on or are independent of scat-
tering. Intrinsic contributions, such as those due to Berry cur-
vature, are independent of scattering are incorporated directly
into the semiclassical equations of motion. Extrinsic contribu-
tions depend on scattering are can be divided into two classes.
Skew scattering describes a scattering cross section that is an-
tisymmetric in incoming and outgoing states. The side jump
contribution arises when the incident quasiparticle experiences
a transverse shift in real space during the scattering process.

intrinsic contributions live on the left hand side, and extrinsic contribu-
tions live on the right hand side of Equation 1.1.

1.4.1.2 Intrinsic anomalous Hall effect

First, we deal with the intrinsic contribution. Despite more recent abstrac-
tion into topological invariants, the original formulation of the intrinsic
Hall effect was motivated by a very simple observation. In the Fermi liq-
uid, we exploit the periodicity of the lattice to write the electron states as
Bloch wavefunctions. However, in the presence of a static electric field the
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periodicity of the lattice is spoiled by the electrical potential. This means
the Bloch states are no longer eigenstates of the system and the electric
field mixes states in different bands. [58, 59] Karplus and Luttinger noted
that the interband matrix elements with the electric potential, in combina-
tion with spin-orbit coupling, leads to a transverse, Hall current. [60]

To briefly make contact with the Berry curvature, Ω, note that the first
order correction to the Bloch wavefunction, |δun⟩, on the n-th band due to
the electric potentaial eE · r is

|δun⟩ = eE ·
∑
m,n

⟨un| r |um⟩

En − Em
|um⟩ = ieE ·

∑
m,n

⟨un| ∂k |um⟩

En − Em
|um⟩ . (1.2)

In addition, the correction to the velocity v̂ = ∂H/∂k is propor-
tional to the real part of ⟨un| v̂ |δun⟩. Using the Schrodinger equation
and the orthonormality of the Bloch states, we also have ⟨un| ∂k |um⟩ =

⟨un| ∂H/∂k |um⟩ /(En − Em) and, inserting Equation 1.2 into the correction to
the velocity, we get the anomalous velocity in terms of the Berry curvature
v̂ ∼ E ×Ω.

A more formal incorporation of the Berry curvature into the semiclas-
sical equation of motion is derived in many places. [61] The result is the
same as the abbreviated analysis above and consequently, the charge cur-
rent in the Boltzmann picture must include this extra “anomalous” term.
Starting from the band mixing picture gives a pretty wild picture of the
anomalous velocity as originating from a fast oscillation of the Bloch states
between bands as the wave packet propagates. The phase structure on the
bands, their Berry curvature, is converted to sideways motion through
rapid transitions driven by the electric field.

1.4.1.3 Side-jump scattering

The extrinsic Hall conductivity, by definition requires scattering. However,
completely counter to intuition, the so-called side-jump contribution is in-
dependent of scattering rate and arises in the following way. A scattering
event takes an incoming state with momentum k and transfers it to an out-
going state with momentum k′. One can notice that, naively, the scattering
event also changes the expectation value of the Bloch state in real space,
⟨uk| i∂k |uk⟩. Of course the Bloch states are not localized in real space, but
this idea applied to a wave packet is the basic intuition for the side jump
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process: the movement of charge jumps in real space as well as momen-
tum space during a scattering event. Problems related to gauge invariance
and what exactly is meant by “the phase evolution of the wavepacket dur-
ing scattering” were clarified relatively late, and are discussed by Sinitsyn.
[62]

The fact that the side-jump contribution to the Hall conductivity is in-
dependent of scattering rate comes from the fact that, though the trans-
verse current generated by side-jump events is proportional to the scatter-
ing rate, the frequency of these events at fixed longitudinal driving field
is inversely proportional to the scattering rate. So more scattering more
side-jump, but simultaneously, more scattering less current. These two ef-
fects exacltly cancel and the side-jump Hall conductivity is extrinsic but
independent of scattering rate. Alternatively, consider the side-jump Hall
angle which decreases as τ increases. But σxx ∼ τ, so σxy does not depend
on the scattering rate.

In effect, the side-jump process rides on top of other scattering events.
It does not describe a change in the distribution function directly, but is
a side effect of changes to the distribution function. For this reason side-
jump scattering is somewhat awkward to incorporate into the Boltzmann
theory. The standard treatment is given by Sinitsyn. [62] Because both
the side jump and intrinsic contributions to the Hall conductivity do not
depend on the scattering rate, disentangling the two through transport
experiments is especially difficult. This highlights the importance of de-
veloping more direct probes of the Berry curvature.

1.4.1.4 Skew scattering

Lastly, we come to the extrinsic skew, or antisymmetric, scattering. The
importance of skew scattering was initially overlooked because, in the
Born approximation of the Fermi golden rule, scattering between |n⟩ and
|m⟩ is determined by the square of the matrix element with the potential
| ⟨n|V |m⟩ |2 which is invariant uder the exchange n ↔ m. At this level of
approximation, then, the scattering matrix is symmetric and cannot result
in a scattering cross section that is odd in the outgoing scattering angle
and generates a transverse current. (This was confusing for me, so to be
exlicit: for fixed incoming k the cross section is the modulus square of an
integral of a scalar function f [k, k′]. Symmetric scattering requires that f
consist only of symmetric combinations of k and k′, ie f = f [k · k′] which
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is independent of how k′ is rotated around the direction of k.) The skew
contribution, then, must come from going beyond the Born approximation
and including higher powers of the potential in the scattering matrix.

But how does the antisymmetric scatering occur? The mechanism of
skew scattering is most concretely understood by the example of spin orbit
coupling where we imagine a central impurity potential, V(r), that couples
to electrons via λS · (∇V × p). For plane wave states this results in a k × k′
term in scattering potential matrix element, with, say, k′ coming from the
momentum operator p acting on the outgoing state and k coming from the
gradient of the potential integrated against the incoming state. This, how-
ever, is still not enough: in the Born approximation the scattering rate still
geos as the modulus square of the matrix element and no skew term ap-
pears. Going “beyond” the Born approximation means the antisymmetric
scattering requires, on top of a spin orbit type interaction (more generally,
the system or scatterer must involve a pseudovector, σ, to create scalars
of the form σ · (k × k′)), the coherent interference between states partic-
ipating the scattering event. This generates terms in the scattering cross
section proportional to |V |3(k × k′). Because the resulting scattering cross
section is odd in the scattering angle, antisymmetric scattering generates
a transverse current.

(Beyond beyond relevant, but it is interesting to note that the first theo-
retical account of the skew scattering by Smit was proposed in objection to
the idea that the Hall effect was intrinsic. His reason for discarding the the
intrinsic Hall effect was the assumption that it would be exactly cancelled
by the effect of scattering. In modern language, he argued the side-jump
would always negate the intrinsic Hall effect.)

To see the effect of the skew scattering on the Hall conductivity, we
consult the Boltzmann equation. Starting with Equation 1.1, we can write
the distribution function about its equilibrium, writing f = f0 + g and find
the deviation to linear order in g. The Boltzmann equation now reads [63]

e∂E f0E · v =
∫

dk′
(
Ck′kg(k) −Ckk′g(k′)

)
=

g(k)
τ(k)

−

∫
dk′Ckk′g(k′), (1.3)

where Ckk′ is the scattering matrix. The definition of τ(k) accounts for
all states scattering out of k and the remaining integral captures states scat-
tering into k. We are particularly interested in the skew scattering which,
as noted above, is the antisymmetric part of the scattering matrix
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Csk =
1
2

(Ckk′ −Ck′k) . (1.4)

Absorbing the symmetric part of Ckk′ into 1/τ defining

1
τ̃
≡

δkk′

τ(k′)
−

1
2

(Ckk′ +Ck′k) (1.5)

we can view the left hand side of Equation 1.3 can be thought of as a
linear operator, A, acting on the distribution g

Akk′ =
δkk′

τ(k′)
−Ckk′ , (1.6)

which allows us to write the formal solution g = e∂E f0A−1E · v and
expand A−1 in powers of τ̃:

g(k) ∼ A−1 = τ̃(k) − τ̃(k)Cskτ̃(k′) + τ̃(k)Cskτ̃(k′)Cskτ̃(k′′) − ... (1.7)

Noting that the Hall current is proportional to the distribution f0 + g
times the transverse velocity, we see that the skew contribution goes as
τ̃2Csk. Writing the effective skew scattering rate as a fraction of the normal
scattering Csk = αsk/τ̃ we get the skew contribution to the Hall conduc-
tivity σ(sk)

xy ∼ vy/E ∼ τ̃. The skew scattering contribution scales with the
longitudinal conductivity σ(sk)

xy ∼ σxx.
Before moving on, it is important to note a few limitations, as given

by [57], in the classfication of scattering mechanisms given above, namely
division based on the Hall conductivity in powers of the scattering time.
This is particularly relevant, as experimental data used to single out one
mechanism over another (for electrical and phonon Hall effects) are of-
ten presented as plots of the Hall resistance versus the longitudinal resis-
tance. First, the entire discussion deals only with elastic impurity scat-
tering. At temperatures approaching and above the Debye temperature
inelastic scattering by phonons, for exmaple, quantiatively changes the
scaling between Hall conducivity and scattering rate. Second, empirically,
the apparent dominance of one mechanism over another depends on the
absolute value of the resistivity. Highly conductive materials seem to ex-
hibit more linear dependence of σxy on σxx, less conductive materials tend
to show more intrinsic scaling of the Hall conductivity, and the behavior
of even worse conductors is still poorly understood (often the scaling of
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ρxy with ρxx falls somewhere between 1 and 2). So the temperature depen-
dence of the Hall conducitivty is rarely diagnostic, and the “goodness” of
the conductor itself can favor one mechanism over another.

If we limit ourselves to simple impurity scattering, the formal solu-
tion Equation 1.7 along with the intrinsic and side jump corrections to the
transverse velocity contains all the major contributions to the anomalous
Hall conductivity. Becuase of its relative familiarity, this introduction to
the terminology is presented in the language of electrons with a driving
electric field. We now reframe these concepts for phonons in a thermal
driving field.

1.4.2 Anomalous thermal transport

1.4.2.1 General considerations

From the perspective of Boltzmann transport the thermal conductivity of
phonons is, in many respects, similar to the charge transport of electron.
Because of the temperature gradient, one keeps the gradient in the distri-
bution function, n, and we have

ṙ∇rn = ṙ∇En
E
T
∇T
T
=

(
∂n
∂t

)
coll
, (1.8)

where, again, the right hand side keeps track of collisions. The gradiant
of the distribution function is converted to a temperature gradient ∇rn =
∇T∇Tn, after which it is converted to an energy gradient. The deviation is
now from the Bose distribution, n0(E) = 1/(exp(E/kBT ) − 1), so n = n0 + g.
The strategy is now the same as for charge current, but we must find the
energy current density

jQ =

∫
d3kE(k)v(k)n. (1.9)

The collision terms and their effect on the (phonon) Hall conductivity
are the same as for the Hall effect of electrons. However, as we will see
below, great care needs to be taken with the intrinsic portions of the Hall
conductivity. Because of this subtlety, we will leave the discussion of the
intrinsic contribution for the end, and discuss the extrnisic Hall conduc-
tivity first.
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1.4.2.2 Skew scattering

Invoking skew scattering to explain the thermal Hall effect in insulators is
appealing for three primary reasons. First, estimates of the intrinsic con-
tribution tend to be orders of magnitude below the experimentally mea-
sured thermal Hall conducivity. This comes from somewhat generic ar-
guements, but there are important exceptions which we will discuss later.
Second is the experimentally measured temperature dependence of the
thermal Hall conductivity. In almost every material with a sizeable κxy, the
thermal Hall angle is independent of temperature over some range of tem-
perature. Note however, that, as mentioned above, attributing a constant
Hall angle to skew scattering becomes difficult at elevated temperature
where the inelastic scattering is non-negligible. Additionally, the temper-
ature dependence as T → 0 is sometimes found to scale at T 4, in contrast
to the T 3 dependence predicted for an intrinsic Hall effect. Lastly, the mea-
sured Hall anlge across materials falls, almost always, within an order of
magnetiude of 10−3. Again, a Hall angle indpendent of material details is
suggestive of an extrinsic skew mechanism.

Discussions of phonon skew scattering fall into two broad catargories.
In one scenario, the phonon may be “normal” but the scatterer couples to
the external magnetic field and imparts handedness to the phonon trans-
port. Alternatively, the phonon itself can already be coupled to the mag-
netic field (by an intrinsic mechanism, discussed later) and the impurity
amplifies the effects of this coupling in transport. It’s interesting to note
that this almost exaclty mimics the discussion of the role of spin orbit cou-
pling in the Hall effect of metals (see [64]: is it in the SOC of the crystal or
the defect?).

Considering the phonon Hall effect in insulating oxides like terbium
gallate and strontium titanate, Felbus provides an example of the first pro-
posed scenario. [56] First, note that the Hall angle from skew scattering is
constant, similar to what is observed in experiment and suggesting that
the Hall effect is extrinsic. [50] They propose that the phonon Hall effect is
due to oxygen vacancies surrounded by ions that carry a net charge. Scat-
tering off the charged impurity from momentum k to k′ in the presence of
a magnetic field, B, may depend on the quantity B · (k×k′). The content of
their argument is in estimating the dimensionless prefactor in such a term
which would equal the thermal Hall angle.

They reason that the (lossy) ultrasound attenuation, η, should scale
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with defect scattering rate and, in addition, the degree of skewness in the
process is due to the cyclotron motion of the ion and should scale with
ωC ∼ qB/M, where M is the ion mass and q its charge. Because they are
looking for a skew effect, which involves interference between scattering
channels, that is linear in the magnetic field, they need a second scatter-
ing process (independent of ωC) to interact with the one proportional to
B. They note that symmetric scattering off these same charged defects will
depend on the acousitc mismatch between the defect and the host ma-
terial, being a function of the elastic moduli, C but is indepdnent of the
applied magnetic field. The dimensional argument (born out by their cal-
culation) is that the linear in magnetic field skewness is then ωCη/C ≈ 10−3,
in agreement with experiment.

In contrast to the skew effect of the scatterer, theories such as those pre-
sented by Guo and Chen consider the case of phonons already coupled to
the magnetic field incident on scalar scattering cites. [65, 66] The idea here
is that the phonons in the host crystal already have handedness of their
own, quantified by the Berry curvature, Ω. A scattering site that does not
couple to the magnetic field then, can still generate a skew term propor-
tional to Ω · (k×k′). Chen et al. note that, in order for the process to remain
linear in magnetic field and mean free path (to maintain a fixed Hall an-
gle), they must add the assumption of strong scattering. This allows them
to bypass the Fermi rule entirely instead of invoking interference between
scattering channels. Strong scattering is not unreasonable in strontium ti-
tanate, which has structural domain walls. Guo et al. retain the weak
scattering assumption but find an interference mechanism that maintains
a linear in scattering rate effect.

The quantitative aspect of these arguments can be captured with di-
mensional analysis. As will be dsicussed later, the intrinsic coupling of
the phonon to a magnetic field is captured by a viscous coupling of the
form iηωk2, where η is a time odd Hall viscosity. To lowest order, the Berry
curvature comes from the perturbations to the wave function divided by
k2 (since is comes from ⟨∂ku| |∂kδu⟩ where u and δu are the wavefunction
and its first-order correction). This suggests

Ω(k) ∼
ηω

C
1
k2 =

ηv
C

1
k
, (1.10)

where C is the elastic modulus (which sets the scale of the unperturbed
energy), and v = ω/k is the speed of the acoustic phonon. The skew scatter-
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ing rate can be writte AΩ · (k×k′)/τ, where τ is the phonon scattering time,
and A set the degree of skewness. In a Boltzmann pciture then, the Hall
and longitudinal conductiivties are the energy current integrated against
the deviation of the distribution function due to antisymmetric and sym-
metric scattering, respectively. Therefor, up to constants, the Hall angle
should be ∼ AΩk2 = Aηω/C. For thermal phonons, the characteristic fre-
quency is kBT/ℏ giving (again born out by the more rigorous calculation of
Chen)

κxy

κxx
≈ A

η

C
kBT
ℏ
. (1.11)

Combined with the fact that κxx ∼ T 3 we have kxy ∼ T 4, which matches
the low temperature scaling in SrTiO3. Matching the absolute value of the
Hall angle to experiment relies on further assumptions about the scale of
A, which we will not repeat here.

These explanations of the phonon Hall effect capture key elements of
the experimental data. In particular, the magnitude of the Hall and, to
some extent, the temperature dependence of the Hall conductivity. These
models, however, makes key assumptions that need experimental verifi-
cation. For example, an irradiation study on terbium gallate could give
weight to the theory of charged impurities. Direct measurement of the
flexoelectric coupling in strontium titanate would allow the arguments of
Chen to become quantiative. Further, comparison of the flexoelectric cou-
plings in oxygen-16 and oxygen-18 variants of SrTiO3 could strengthen
the theory by explaining the reduction of thermal Hall conductivity in the
isotopically substituted compound. [23]

1.4.2.3 Side-jump scattering

There has been limited work on the side-jump scattering for phonon sys-
tems. This may be due to the lack of experimental evidence suggesting
a sizeable side-jump contribution, or the relative difficulty of isolating
the side-jump, or the difficulty in finding physically motivated settings
in which the side-jump would occur. In any case, for completeness we
briefly touch on the work of Guo who proposes the resonant side-jump to
explain the Hall effect in cuprates. They note that the intrinsic coupling of
phonons to the magnetic field typically rely on spin orbit coupling, which
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is relatively weak in cuprates. In addition to the pure intrinsic scenar-
ion which, as noted above, is typically very small, this fact also seems to
rule out intrinsic-extrinsic mechanisms where the Berry curvature of the
phonon produces strong skew scattering.

The question then is to find a mechanism that does not rely on strong
spin orbit coupling but preserves the experimental constancy of the Hall
angle. Guo accomplishes this by considering the resonant scattering of
phonons off magnetic defects. We think of the defect as two-level system
and, despite the weak spin orbit coupling at the defect, when the splitting
of the defect levels matches the phonon energy, we see a large enhanc-
ment of the scattering rate. This enhancement serves two purposes: first,
it compensates for the weak spin orbit coupling and second, it produces a
side-jump effect that is no longer independent of scattering rate. This oc-
curs because, near resonance, the timescale at which phonons are absorbed
and re-emmitted to produce a trasverse current is set by dynamics of the
defect rather than the rate of incident phonons. This flavor of resonant
absorbtion is often associated with the physics of glassy systems, as dis-
cussed by Anderson, and is possibly relevant to the underdoped cuprates.
[67]

1.4.2.4 Intrinsic phonon Hall effect

Finally, the intrinsic Hall conductivity, where we ask how the basic
phonon dynamics are altered to give a transverse current. Discussions
of the intrinsic effect tend to be very technical so it’s helpful to ground
ourselves in a physical picture of what we’re looking for. Falling back for
a second on electrons, we know the intrinsic Berry curvature “acts like”
a magnetic field (is a rank two antisymmetric tensor, or pseudovector).
This synthetic magnetic field mixes components of the electron velocity
without disspating energy, rotating an electron traveling along x into an
electron traveling along y. We expect the intrinsic phonon Hall effect to
be describable in a similar way. We need an object that losslessly transfers
phonons from one momentum state to another.

Now the big conceptual difference is that, in the case of electrons, the
transverse current is driven by an electric field. To state the obvious, this
immediately suggests examining the response of the electron system to
electric field – its electrical susceptibility. For phonon thermal transport
it is not immediately obvious what the equivalent quantity is. But we’ll
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work with what we have: we are interested in the response of the system
to a thermal gradient. The thermal gradient drives a heat current by cre-
ating a population imbalance in lattice vibrations, or thermal strains. This
suggests we look at the system’s strain susceptibility.

To be a bit more precise, start with an innocuous definition of the elec-
trical conductivity

ji(ω, k) = σi j(ω, k)E j(ω, k), (1.12)

relating the current ji to the electric field E j. In linear response, the
condctivity is the dynamic susceptibility in response to the electric field.
In the clean limit, the Kubo formalism is a tractable way to compute the
electron response and, relevant to us, the Berry curvature of electrons is the
imaginary (dissipationless) antisymmetric part of the Kubo susceptibility.
The formal equivalence is derived, for example, in Guiliani and Vignale.
(For the dirty limit, see the dispairing chapter 7 in Mahan)

Because the intrinsic response dominates in the clean limit, the dy-
namic susceptibility provides a conceptual and computational link be-
tween the electrical and phonon Hall effects. As suggested above, we
consider the stress-stress susceptibility which is probed, for example, in
a pulse echo ultrasound experiment. [68] We want

Ci jkl =

∫
dteiωt

〈[
∂H
∂εi j

,
∂H
∂εi j

]〉
, (1.13)

which, in the limit of low frequency and long wavelength, reduces to
the static thermodynamic definition of the elastic tensor as the second
derivative of the free energy with respect to strain. [68] The imaginary
antisymmetric piece of the dynamic elastic tensor does exactly what we
want to generate a Hall effect. Explicitly, if we expand the antisymmet-
ric imaginary component of the elastic tensor in powers of frequency, the
linear in frequency term, known as the Hall viscosity iηi jkl(ω), describes a
stress, σi j (not conductivity), generated by a time varying strain

σi j = iωηi jklεkl = ηi jklε̇kl, (1.14)

where η is real. As the imaginary antisymmetric part of a susceptibil-
ity, the Hall viscosity is a type of Berry curvature. To try avoiding extra
confusion (of which there will be plenty of soon, maybe already?), we will
call this the strain Berry curvature. The strain Berry curvature is exactly
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equivalent to the Hall viscosity divided by ℏ, and the two terms will be
used interchangeably.

An alternative, less physical but more schematic route to the same idea
is to ask what happens if we view the lattice strain as a tuning parameter
in the complete system Hamiltonian, H. Given a set of eigenstates |Ψi⟩, the
expectation value of the change of H with respect to strain is

〈
∂H
∂εi j

〉
=

∑
i

⟨Ψi|
∂H
∂εi j
|Ψi⟩ =

∑
i

∂

∂εi j
⟨Ψi|H |Ψi⟩ − 2ℜ

[〈
∂Ψi

∂εi j

∣∣∣∣∣∣ H |Ψi⟩

]
. (1.15)

Using the Schrodinger equation this can be rewritten

〈
∂H
∂εi j

〉
=
∂E
∂εi j
+

∑
i

2ℑ
[〈
∂Ψi

∂εi j

∣∣∣∣∣∣
∣∣∣∣∣dΨi

dt

〉]
=
∂E
∂εi j
+

∑
kl

ε̇kl

∑
i

2ℑ
[〈
∂Ψi

∂εi j

∣∣∣∣∣∣
∣∣∣∣∣∂Ψi

∂εkl

〉]
.

(1.16)
Theleft hand side is something like a stress, while the term ∂E/∂εi j can

be understood as the usual, in phase, stiffness. The second term, which is
antisymmetric under exhchange i j↔ kl, can be expressed as∑

kl

ε̇kl

∑
i

2ℑ
[〈
∂Ψi

∂εi j

∣∣∣∣∣∣
∣∣∣∣∣∂Ψi

∂εkl

〉]
≡ Ωi jklε̇kl, (1.17)

where Ωi jkl is, again, the strain Berry curvature.
The Hall viscosity is not a new concept and appears in Landau Lifshitz

(Physical Kinetics, section 13) – it is “allowed by symmetry” and therefore
must exist. Hall viscosity was later studied in relation to quantum Hall
systems and exotic superconductivity before it was revived in the context
of thermal transport. [69, 70] The role of Hall viscosity in the phonon Hall
effect was clarified only after the discovery of the magnon Hall effect and
the simultaneous theoretical developments of Matsumoto. [34, 71]

A full account of how to calculate the thermal Hall conductivity due to
the Hall viscosity is beyond the scope of this introduction. [72] Possibly
we’ll do an appendix. After obtaining the Hall viscosity, we “just” need
to include it in a Boltzmann or Kubo transport calculation. None of the
core ideas are new, but of course the details are intricate. This is a nice
opportunity, however, to introduce two related concepts which are central
to discussions of the phonon Hall effect.



CHAPTER 1. INTRODUCTION 27

Though we have introduced the strain Berry curvature, which comes
from the strain susceptibility, transport calculations are normally done
starting with the quasiparticls band structure. For this reason, before do-
ing a transport calculation, the (momentum dependent) Hall viscosity is
usually folded into the phonon Hamiltonian as a low energy perturbation
δHvisc = ηi jklεi jε̇kl. The Hall viscosity then alters the phonon dispersion and
may be used to calcualate a different Berry curvature, this time defined in
momentum space, on the phonon bands. This is exactly analogous to the
momentum space Berry curvature of electrons and is usually called the
phonon Berry curvature, Ω(k).

The relation to thermal transport is most easily seen using Luttinger’s
trick. [73] The idea is to imagine the temperature gradient ∇T/T as a force
pulling thermal energy to cold spots. In terms of a potential, ψ, the intrin-
sic part of the Boltzmann equation, Equation 1.8, can be written

ṙ∇En
E
T
∇ψ = 0, (1.18)

where ∇ψ = ∇T/T . This potential comes into the Hamiltonian as a cor-
rection δH(k) = E(k)ψ, where E(k) is the energy in the absence of the ther-
mal gradient, from which we see that the resulting change in the phonon
momentum is

ℏk̇ =
∂H
∂r
= E∇ψ. (1.19)

If there is also phonon Berry curvature, this generates an anomalous
velocity v = k̇ × Ω, as in the case of electrons in an electric field. The
resulting transverse heat current is

jQ =

∫
d3k

(2π)3 E(k)v(k)n0(k) =
∫

d3k
(2π)3 E(k)2

(
∇T
T
×
Ω

ℏ

)
n0(k), (1.20)

from which jQ/∇T is the thermal Hall conductivity.
From these considerations, you would conclude that the intrinsic

phonon Hall effect fits neatly into Boltzmann transport. And that is almost
correct, however, there is a technical subtlety due to Matsumoto, build-
ing off work done on the thermopower of metals, that ammends Equa-
tion 1.20. [34, 74] This correction contrasts with a more intuitive aspect of
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charge transport and illustrates the subtleties of working with Kubo sus-
ceptibilities. In a magnetic system with magnetization M, the internal field
results in a bound current density jb ∼ ∇×M. Though it does not result in a
net current in any particular direction (the little loops all cancel), the Kubo
response needs the local current density as input, including the local mag-
netization current. In the case of charge transport, finding this quantity
is familiar, as the magnetization is the derivative of the free energy with
respect to magnetic field.

In the case of heat transport, however, finding the local energy current
takes more care. To see the root of the ambiguity, note that the heat (and
charge) current, j satisfies the continuity condition ∂ρ/∂t = −∇ · j, where ρ
is the energy density. It seems like we can add any divergence free current
without ruining continuity. However, in the same way that the magneti-
zation results in circulating loops of charge current, the viscosity results in
circulating loops of heat current. The correct Kubo thermal Hall requires
self-consistently incorporating the effects of the viscosity into the local en-
ergy current density. This is accomplished by building off Luttinger’s trick
of faking the effect of a thermal gradient in the Hamiltonian. In particu-
lar, we add a ficticious vector potential A that couples to the heat current
as jQ · A, in exact analogy to the coupling between electrical current and
magnetic field. The potential A is then used to define the circulating heat
current.

The local circulation of heat energy due to the viscosity is what pre-
vents the intrinsic thermal Hall effect from being captured correctly in a
simple Boltzmann transport. At first glance it would seem like little loops
of energy current should all cancel and be irrelevant for transport. How-
ever, in the thermal transport problem the temperature gradient results in
imperfect cancellation of the bound current and makes a real contributions
to the Hall conductivity. Depending on the form of the Berry curvature,
failing to correctly account for these loops of heat current can result in a
diverging thermal Hall conductivity or violation of the Wiedemann Franz
law as T → 0. [34]

Up to now, the source of the Hall viscosity has not been specified. The
Feynmann Hellman type derivation given in Equation 1.16 makes it clear
that, in principle, any time reversal symmetry breaking subsystem that
couples to strain can generate Hall viscosity. One obvious contender is the
spin lattice coupling, which results from the dependence of the exchange
integral on the relative position of atomic orbitals in real space. Though
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Figure 1.6: Roadmap of the Hall viscosity: The intrinsic thermal Hall ef-
fect of phonons can be thought of as arising from Berry curva-
ture. This conceptual understanding, however, has many inter-
pretations depending on the context. Fundamentally, the Hall
conductivity of phonons (inversion and time reversal even ob-
jects) must result from coupling to another degree of freedom,
for example spin-lattice coupling. The coupling is reflected in
the material’s response to lattice deformation and defines the
strain Berry curvature in linear response. In the long wave-
length limit, the strain Berry curvature can be interpretted as a
dissipationless phonon Hall viscosity that alters the dynamics
of sound waves. A property of the phonon dispersion, the Hall
viscosity induces a Berry curvature on the phonon bands. By
transferring energy between elastic modes, the Hall viscosity
generates both thermal Hall and acoustic Faraday effects.



CHAPTER 1. INTRODUCTION 30

not framed in the language of Berry curvature, the role of spin lattice cou-
pling in dissipationless phonon dynamics was initially explored by Kittel.
[30] A detailed account of Hall viscsoity in the Kittel model is presented
in a later chapter. More recent works have examined the Hall viscosity in
layered magnetic systems, for example the cuprates, and frustrated spin
systems such as α-RuCl3. [75, 76] A phonon Hall effect from coupling to
spinons is discussed in Zhang. [77] Though the details of the coupling
mechanism differs between these proposals, the conceptual meat is the
same.

Though the idea of Hall viscsoity is intellectually appealing, it remains
to be seen if it is experimentally relevant. Generically the intrinsic phonon
Hall effect is expected to be much smaller than what is measured in experi-
ment. This expectation comes from estimates of the following form: insert
a generic Berry curvature Equation 1.10 into the expression for the Hall
current Equation 1.20. Then, ignoring the complications of energy magne-
tization which do not change the outcome here, this gives a thermal Hall
conductivity that scales as

κxy ∼
k4

B

ℏ3

η

Cv
T 3, (1.21)

where, again, η is the viscosity, C is the elastic sitffness, and v is the
speed of sound. Note that the T 3 scaling is generic to the low temperature
intrinsic contribution, where the thermal energy is small enough that the
momentum dependence of η is irrelevant. If we put in numbers, say η =
10−3 Pa·s, C = 100 GPa, v = 3000 m/s, we get κxy ≈ 10−4 W/m·K at 10 K,
where the thermal Hall conductivity is found to peak. This is actually not
so far from experimental values.

The estimate, however, relies on the momentum independence of the
viscosity over the thermal energy scale. In a perturbative picture, the vis-
cosity is the result of phonons coupled to a rapidly changing excitation
that can be integrated out of the problem. [75] So the assumption is only
valid when the energy gap of the excitation is much larger than kBT . If
we take the case of magnetic excitations where the energy gap can be of
order the applied magnetic field, then for a typical 10 T magnetic field, the
range of appropriate temperatures is closer to 1 K, which reduces the es-
timate to a value orders of magnitude below what is seen in experiment.
A further assumption is the value of the viscosity, η. The corresponding
value due to electrical polarization fluctuations in SrTiO3 is estimated to
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be much smaller than what we have used here. [66]
This estimate does, however, point to scenarios in which the Hall vis-

cosity can produce an experimentally relevant thermal Hall effect. First,
we might find a material in which the Hall viscosity arises from fluctua-
tions that extend to low energy, rather than decaying from a sharp mode
at high energy. A large spin-lattice coupling combined with a viscosity
that decays slowly as a fucntion of momentum would bring the intrin-
sic effect back into play. This will be relevant to our measurements in α-
RuCl3. [76] Second, we can imagine a case where the perturbative picture
is no longer valid at all, as in the case of phonon-magnon hybridization
at a band crossing. The hybrid excitations have a distinct character from
phonons and can result in viscosity “hot spots” at the band crossing. [78]
This may be relevant in systems with significant thermal Hall conductivity
at high temperature such as Fe2Mo3O8.

1.4.3 Summing up theories

So, out of the zoo of thermal Hall measurements comes a zoo of thermal
Hall theories. We loosely followed the more mature understanding of the
anomalous Hall effect in metals to divide the possible mechansims into
intrinsic and extrinsic, according to whether they rely on scattering. We
saw how it is difficult to convincingly demonstrate the dominance of any
single contribution experimentally, where perhaps the gold standard is a
controlled disorder study at low temperature.

Considering the data we have, the approximate temperture indepen-
dence of the thermal Hall angle in many materials is suggestive of skew
scattering, modulo the complications of inelastic scattering. Further, many
estimates of an intrinsic contribution fall far below what is found in ex-
periment. As such, skew scattering of phonons off charged defects may
explain the phonon Hall effect in systems where these defects exist, for
example insuating oxides. Because many of the materials which exhibit a
phonon Hall effect also host a form of fluctuating or high energy excitation
that couples to strain, a number of proposals invoke an intrinsic-extrinsic
scenario. This many be relevant in strontium titanate or the underdoped
cuprates.

Though the intrinsic contribution is generically understood to give a
negligible thermal Hall effect, we saw that there are important exceptions
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and that the intrinsic scenario cannot be universally ruled out. The intrin-
sic contribution is plausibly relevant in materials with magnetic fluctua-
tions that extend to low energy, or in which there is strong hybridization
between phonons and another sharp, time reversal symmetry breaking ex-
citation. Given the diversity of insulators in whcih the thermal Hall effect
has been measured, it seems unlikely that a single explanation can acco-
modate all the data.

How do we untangle this mess?
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The Experiment

2.1 Measuring the intrinsic Hall effect

Armed with information about the thermal Hall effect of insulators, we are
ready to introduce the core ideas to explore experimentally. Our motiva-
tion at this point is clear: the thermal Hall effect in insulators, a surprising
experimental discovery, can have many sources. We want an experimen-
tal probe that can show us where the Hall effect is coming from, so we can
learn about spin liquids and underdoped cuprates.

Transport, though exceptionally powerful, is too blunt a tool. But ther-
mal transport is non-specific in very specific ways. First, in a thermal
transport experiment you probe with an ensemble of phonon energies,
as the heat current you inject samples the Bose distribution at the exper-
imental temperature. This is obviously problematic if you want to zero
in on resonant side-jump scattering or the viscosity generated at a band
crossing, both of which happen over a small energy window. Second is
the ubiquity of scattering – all materials have imperfections. This is less
relevant when we consider a transport method like quantum oscillations,
where changes in the resistivity are what matter. However, the multiplic-
ity of scattering types combined with the difficulty of treating scattering
in a controlled way theoretically make teasing out information about ex-
trinsic sources of the Hall effect incredibly tricky.

These considerations – lack of specificity in energy, and the complica-
tions of scattering – immediately suggest a spectroscopic tool to comple-
ment the thermal transport. Further, because life is already hard enough,

33
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we might sidestep the extrinsic mechanism entirely and look specifically
at the intrinsic Hall effect. That’s what we’ll do.

As we saw previously, the intrinsic phonon Hall effect can be un-
derstood as the consequence of strain Berry curvature, or Hall viscosity.
The Hall viscosity is defined as the antisymmetric, imaginary part of the
dynamical strain susceptibility, which can be measured directly with ul-
trasonic probes like resonant ultrasound spectroscopy or the pulse echo
method. [79, 80] The focus of this document is the pulse echo method.

This chapter will is divided into two main sections. We first review the
properties of the elastic tensor and its relationship to the physical observ-
ables measured in the pulse echo experiment. These physical observables
will be connected back to the intrinsic phonon Hall effect. Second, we will
discuss the details of how the pulse echo measurement is done, starting
from a chunk of crystal and ending with data. The chapter closes with
some possible future technical directions to explore. This is the only chap-
ter that matters, so I hope it works.

2.2 Conceptual Background

2.2.1 The elastic tensor: basics

When you cool water through zero degrees celsius it becomes ice. The
defining characteristics of the solid ice, as opposed to liquid water, are
its ability to resist stretching and twisting. These rigidities let us know
we have entered a new phase of matter. The structural features appear
because of the bonds that develop between molecules on entering the solid
phase and, therefore, contain information about the nature of those bonds.
Quantitatively, the resistance to stretching, compressing, and twisting is
encoded in the relationship between strain, the degree of deformation, and
stress, the resulting forces.

Because a rigid translation of an object is space does not change its in-
ternal structure, the deformations we are interested in must have some
spatial variation. If we imagine breaking up our object into chunks of vol-
ume dV and labeling the positions of each chunk before and after defor-
mation ui and u′i , then the relevant strains are those in which dui = ui − u′i
varies as a function of position.

Because the rigid rotation of an object in space does not change its in-
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ternal structure, in the limit of very long wavelengths we can subtract the
rotational component from the deformation. A rotation of the displace-
ment dui about n̂ corresponds to the curl n̂ · (∇ × du), so we subtract this
out of the deformation. (Antisymmetric strains do have physical conse-
quences, and have been measured experimentally, see [80].) What we are
left with are the symmetric gradients of the deformation, and we define
the strain tensor, ε̂ with components

εi j =
1
2

(
∂ui

∂x j
+
∂u j

∂xi

)
. (2.1)

Because of the rigid bonds between atoms, distortions of the lattice
result in forces, F, which act to bring the atoms back to their equilibrium
positions. In equilibrium the net force within the object must be zero, and
the only non-zero forces are on the object’s surface

Fsur f =

∫
dA · σ̂sur f , (2.2)

where σ̂sur f is the surface pressure, a matrix with components that tell
you the force component i per unit area normal to the direction x j. The
Gauss law tells us we can track this surface pressure back into the object’s
interior, converting the surface integral to one over the bulk – this defines
the stress tensor σi j, from which the body forces are F = ∇ · σ̂. The absence
of net torque on the object guarantees that the stress tensor is symmetric,
σi j = σ ji.

The work done displacing a small volume of material by an amount du
against the internal force is dW = F · du = ∇ · σ̂ · du. Integrating over the
volume of the object, transfering the derivative to the displacement, and
ignoring the object’s boundary we arrive at the elastic potential energy

Uel = σi jεi j, (2.3)

which is the fundamental quantity that allows us to extract thermody-
namic and spectroscopic information. In the limit of small displacements,
the relationship between the stress and strain tensors is linear and can be
defined through the tensor of elastic moduli

σi j = Ci jklεkl. (2.4)
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Since the stress and strain are symmetric, we know Ci jkl is invariant
under interchanging either or both of i ↔ j and k ↔ l. Because the elastic
energy can be written Ci jklεi jεkl, we also know that Ci jkl is invariant under
interchange of the first and second pairs of indices.

Additionally, because the stress and strain are a conjugate pair of vari-
ables, when a system is in equilibrium the elastic modulus can be defined
thermodynamically

Ci jkl =
∂2U

∂εi j∂εkl

∣∣∣∣∣
ε→0

. (2.5)

For completeness, we note that our experiment will done at finite fre-
quency and, consequently, the quantity we probe is the dynamic stress-
stress susceptibility

Ci jkl(ω) =
iV
ℏZ

∫
dteiωtTr

[
e−H/kBT

[
σij(0), σkl(t)

]]
(2.6)

where Z = Tr[e−H/kBT] is the partition function, H is the Hamiltonian,
and V is the sample volume. In the limit ω → 0, this matches the thermo-
dynamic definition. This can be seen by writing σkl(t) = eiHtσkl(0)e−iHt, in-
serting the indentity, and carrying out the integral in time. We only bring
this up because in what follows we are especially interested in the dy-
namics of the strain wave, which are not captured in the thermodynamic
definition.

2.2.2 The elastic tensor: decomposition

We aim to measure the portion of the elastic response the would generate
a thermal Hall effect. Before setting out to do the experiment, we should
know if that particular elastic response is allowed by symmetry.

Like any tensor, the dynamical elastic tensor can be decomposed into
real (time even) and imaginary (time odd) parts, we write Ci jkl = ci jkl+ iηi jkl.
These can be further subdivided into symmetric and antisymmetric parts.
A summary of the decomposition is given in Figure 2.1. Because we main-
tain the stress and strain as symmetric objects, when we say symmetric
and antisymmetric, we mean under the exchange of the first and second
pair of indices:
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Csym =
1
2

(
Ci jkl +Ckli j

)
Casym =

1
2

(
Ci jkl −Ckli j

)
. (2.7)

The tensor of elastic moduli can, in principle have arbitrarily compli-
cated dependence on frequency. In this discussion, relevant to low energy
ultrasound experiments, we will restrict ourselves to liner order in ω or,
equivalently, keeping only one time derivative of strain in the potential
energy. In this approximation the real antisymmetric part of the modulus
is zero. Writing out what is left explicitly gives an elastic potential energy

Uel =
1
2

ci jklεi jεkl +
1
2
ηi jklεi jε̇kl, (2.8)

where ci jkl tells us about the dispersion (speed of sound) and the vis-
cous contribution ηi jkl tells about mode conversion, either into heat or be-
tween elastic modes. The symmetric viscosity results in energy loss and
is even under reversing the sign of an applied magnetic field. In the con-
text of an ultrasound experiment the symmetric viscosity is proportional
to the ultrasonic attenuation. The antisymmetric, Hall viscosity, generates
acoustic Faraday rotation and an intrinsic thermal Hall effect.

The number of independent elastic moduli are reduced in a symmet-
ric environment such as a crystal lattice, and some tensor elements are
forced to zero. To discover which components remain, we break the stress
and strain tensors into pieces that transform together under symmetry
operations of the lattice. These are called irreducible strains and stresses
(Landau Lifshitz Quantum Mechanics gives an excellent treatment of the
irreducible representations). For example, the trace of the strain tensor
behaves like a number (scalar): under rotations, reflections, and mirror
operations the trace stays the same.

An irreducible elastic modulus, an independent component of the real,
symmetric part of the elastic tensor, is the ratio of stress to strain of the
same type. So for each irreducible stress/strain there is one elastic con-
stant, and if there are multiple stresses/strains of the same irreducible type
we get an extra elastic constant connecting each pair.

To find the number of irreducible strains, we need to know the num-
ber of irreducible strains. The easiest way to do that is to think of the
strain tensor as built from a symmetric outer product of two vectors. As a
concrete example we can figure out the irreducible strains in an isotropic
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Figure 2.1: Decomposition of the elastic tensor: The tensor of elastic
moduli, Ci jkl, can be split into real and imaginary parts, which
are further decomposed into symmetric and antisymmetric
components. By the Onsager reciprocity, the real part, ci jkl, is
even under time reversal and the imaginary part, ηi jkl, is time-
odd. The real symmetric modulus is the lattice stiffness and
is proportional to the (direction dependent) speed of sound.
The symmetric imaginary part generates “trivially” time-odd
energy loss, and is proportional to the ultrasound attenua-
tion. The imaginary antisymmetric piece, the Hall viscosity,
describes dissipationless mixing between symmetry channels
and can result in acoustic Faraday and thermal Hall effects.
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medium. In that case, the symmetry of the environment is the full rota-
tional group O(3). The irreducible representations of O(3) are the spheri-
cal harmonics, and a vector transforms like a p-orbital, so we want to find
the number of spherical harmonics in the symmetric product of a p-orbital
with itself. We do this using the rules for addition of angular momentum
from quantum mechanics:

p ⊗ p = s ⊕ p ⊕ d (2.9)

ie, the sum of the angular momentum of two objects with angular mo-
mentum ℓ = 1 can have ℓ = 0, 1, 2 - an s-, p-, or d- orbital. The rules
of the addition of angular momentum tell us the ℓ = 1 part of the sum
is antisymmetric and the s- and d- multiplets are symmetric. So there
are two irreducible strains: one which transforms like a scalar (s-wave,
monopole) and one which transforms like a five-dimensional object (d-
wave, quadrupole). The scalar is a compressional strain and the d-wave
part is the shear. So despite starting with potentially 21 independent sym-
metric elastic moduli, we end up with only 2 in an isotropic environment.

As we lower the symmetry we increase the number of elastic moduli.
The 5 component shear strain successively breaks into smaller and smaller
bits, which allows more couplings between irreducible strains. For ex-
ample, one environment we encounter later is the cubic symmetry, Oh, in
which the shear splits into a 3-component (T2g) strain and 2-component
(Eg) strain (three elastic moduli).

Figuring out the number of elastic moduli in a general, lower symme-
try environment follows the same formulaic plan as in free space, the only
tools we need are character and representation multiplication tables. Iden-
tify the representations that contain the vector (x, y, z), express the square
of that collection of representations as a sum, and keep only the symmetric
parts. Each representation in that sum is an irreducible strain. For exam-
ple, in S6, the symmetry group of α-RuCl3, the vector is Au ⊕ Eu, and the
square is

(Au ⊕ Eu) ⊗ (Au ⊕ Eu) =
[
Au ⊗ Au Au ⊗ Eu

Eu ⊗ Au Eu ⊗ Eu ⊕ [Ag]

]
=

[
Ag Eg

Eg Eg ⊕ Ag ⊕ [Ag]

]
.

(2.10)
So the symmetric part, the irreducible strains, are 2Ag + 2Eg, where

the antisymmetric [Ag] in the product E2
u gets thrown away, and the off-
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diagonal Eg parts are the same object. Or, you can cheat and find the
strains by looking for representations with quadratic basis functions. Ei-
ther way, you get six independent elastic moduli. The lossy viscosity
(imaginary, symmetric) has the same symmetric properties as the real sym-
metric tensor, and therefore the same number of independent components.

The imaginary antisymmetric moduli, the Hall viscosities, behave in
a slightly different way. The antisymmetric viscous part of Equation 2.8,
written now in terms of irreducible representations, is

Uvisc =
ηΓΓ′

2
(ε̇ΓεΓ′ − εΓε̇Γ′). (2.11)

The system, assumed to break time reversal symmetry (whether intrin-
sically or through an applied magnetic field), allows ηΓΓ′ to be time odd.
Both the energy and tensor element ηΓΓ′ are scalars (Ag objects in the S6

point group), which requires the term in parentheses in Equation 2.11 to
also be a scalar. Because ηΓΓ′ is antisymmetric under exchange Γ ←→ Γ′,
this forces either: 1) that εΓ = εΓ′ and that the representation Γ squared
contains an antisymmetric scalar (and therefore must two or three dimen-
sional); or 2) that εΓ and εΓ′ are distinct strains that belong to the same
representation.

As a simple example, we can consider the case of an isotropic, time re-
versal symmetry breaking medium. As noted above, the strains transform
as ℓ = 0 (s-wave, compression) and ℓ = 2 (d wave shear) spherical harmon-
ics. A viscosity element could only come from an antisymmetric compo-
nent of the product of the shear strain with itself. However, the scalar, s
wave component of the product d⊗d is symmetric under exchange. There-
fore, we conclude that the isotropic medium has no Hall viscosity, a result
repeated many times in the literature.

When time reversal symmetry is broken by an applied magnetic field,
it is more transparent to “factor out” the magnetic field from the Hall vis-
cosity. Then, to identify which magnetic field components generate which
Hall viscosity coefficients, we expand the viscosity to linear order in ap-
plied magnetic field. The magnetic field splits into representations, BΣ, and
we form the antisymmetric products which each contribute to the elastic
energy,

Uvisc(BΣ) = BΣ η̃ΣΓΓ′(ε̇ΓεΓ′ − εΓε̇Γ′), (2.12)

where now the coefficient η̃Σ
ΓΓ′

is a scalar and has unit of Pa·s·T−1, and the
antisymmetric term in parentheses transforms as Σ so that the whole ex-
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pression is a scalar. Note that the product ε̇ΓεΓ′ generically decomposes
into the sum of multiple representations, not all of which transform like
Σ. To avoid cluttering the notation further, we specify which portion of
the product is involved in a particular term with the superscript on the
coefficient η̃Σ

ΓΓ′
(but again note that η̃Σ

ΓΓ′
itself is always a scalar).

To illustrate this idea, consider the isotropic medium again, but now
with time reversal symmetry broken by the application of a magnetic field.
The magnetic field transforms as an inversion even p wave harmonic.
Considering the available products of strain, we see that the square of the
d wave shear strain contains an antisymmetric under exchange p wave
component, and can couple linearly to the magnetic field. (Note also, that
the cube of the magnetic field has an ℓ = 3 component that can couple to
the f wave component the shear strain squared – we can generate more
viscosities by considering higher powers of mangetic field.) Therefore, up
to third order in B we have two Hall viscosities, in agreement with the
arguments of Landau and Lifshitz, Physical Kinetics.

Now we take the specific example of α-RuCl3. Below its structural tran-
sition at 150 K, α-RuCl3transitions to rhombohedral symmetry with point
group S6. There are four irreducible strains in S6: two Ag strains and two
Eg strains:

εA(1)
g
= εx2+y2 , εA(2)

g
= εz2 , εE(1)

g
=

{
εx2−y2 , εxy

}
, εE(2)

g
=

{
εxz, εyz

}
.

The magnetic field splits into two representations: the out-of-plane
component transforms as Ag, and the in-plane component transforms as
Eg:

BAg = Bz, BEg =
{
Bx, By

}
.

To simplify the notation in what follows, we drop the g in the represen-
tation labels since we only need to consider representations that are even
under inversion. As mentioned earlier, because the product of two strains
can decompose into the sum of several other strains, we use the notation
from Equation 2.12 to specify which viscosity coefficient goes with which
strain in the sum. For example, one such term will be

Uvisc(BA1g) ∼ BAg η̃
Ag

E(1)
g E(2)

g
(εE(1)

g
ε̇E(2)

g
− ε̇E(1)

g
εE(2)

g
) ≡ BAη̃

A
E1E2

(εE1 ε̇E2 − ε̇E1εE2), (2.13)

where η̃A
E1E2

denotes a viscosity term that couples the Ag portion of the
product of E(1)

g and E(2)
g strains to the BAg magnetic field component.
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With an out-of-plane magnetic field Bz, we can form the following four
Hall viscosity contributions to the elastic energy:

Uvisc(Bz) = BA

[
η̃A

A1A2
(εA1 ε̇A2 − ε̇A1εA2) + η̃

A
E1E2

(εE1 ε̇E2 − ε̇E1εE2)

+η̃A
E1E1

(εE1 ε̇E1 − ε̇E1εE1) + η̃
A
E2E2

(εE2 ε̇E2 − ε̇E2εE2)
]
, (2.14)

where the last two terms, which involve the square of a representation,
arise because the product of Eg with itself contains an antisymmetric object
which transforms as Ag.

An in-plane magnetic field generates five Hall viscosity terms:

Uvisc(Bx, By) = BE

[
η̃E

A1E1
(εA1 ε̇E1 − ε̇A1εE1) + η̃

E
A1E2

(εA1 ε̇E2 − ε̇A1εE2)

η̃E
A2E1

(εA2 ε̇E1 − ε̇A2εE1) + η̃
E
A2E2

(εA2 ε̇E2 − ε̇A2εE2)

+η̃E
E1E2

(εE1 ε̇E2 − ε̇E1εE2)
]
. (2.15)

The Hall viscosity we measure in our experiment, where the shear
sound propagates along the c-axis of the crystal, shows up here as
BAη̃

A
E2E2
= ηxzyz and is only generated by the out-of-plane magnetic field, Bz.

When the magnetic field is tilted away from the c axis (but with some com-
ponent still along z), all nine Hall viscosity coefficients from both Equa-
tion 2.14 and Equation 2.15 can be generated, including ηxzyz.

When the applied magnetic field is strong compared the exchange in-
teraction, it is appropriate to consider the effect of the magnetic field on
the symmetry of the crystal. In particular, the applied magnetic field is
considered a “fixed” part of the system and the symmetry is lowered to
operations, including time reversal symmetry, that preserve the direction
of the field. As an example we can analyze the tetragonal system consid-
ered in the context of the Hall effect of cuprates. [75] The point group of
the crystal in D4h and with a strong magnetic field along the crystal c-axis,
the symmetry is lowered to C4h, in which there are two Ag, two Bg, and one
Eg irreducible strains. This gives three Hall viscosities, in agreement with
[75]: the distinct Ag strains can couple, the distinct Bg strains can couple,
and the square of Eg contains an antisymmetric scalar. (Note that, confus-
ingly, in this case the literature usually reverts back to the parent group at
B = 0.)
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2.2.3 Elastic dynamics

Having identified the non-zero elements of the Hall viscosity tensor, we
turn to how the Hall viscosity manifests in an experiment. We consider
the propagation of sound waves in a crystal with Hall viscosity. Having
identified the elastic potential energy Equation 2.8, we can write the La-
grangian of the elastic medium with mass density ρ

L =
ρ

2
u̇iu̇i −

ci jkl

2
εi jεkl −

η(S )
i jkl

2
εi jε̇kl −

η(A)
i jkl

2
εi jε̇kl, (2.16)

where η(S ) is the symmetric viscosity and η(A) is the antisymmetric Hall
viscosity. We now add pieces in, one by one.

When both the symmetric and antisymmetric viscosities are zero, the
equation of motion for a harmonic displacement u = Aei(ωt−k·r) with wave
vector k, frequency ω, and polarization A is the standard wave equation

ρω2Ai = ci jklk jkkAl ≡ ρv2Ai = Mi jA j, (2.17)
where Mi j ≡ cikl jk̂kk̂l, cares only about the direction of k, and v = ω/k is

the phase velocity of the wave. Because Mi j is symmetric and real, there are
always three prependicular polarizations. However, when the symmetry
is sufficiently high, the polarizations are only parallel and perpendicular
to the propagation direction. By considering rotations of the elastic tensor
about the direction of the wave vector, it is not hard to show that a two- or
three-fold axis of rotation about the wave vector is necessary and sufficient
for the polarizations to be parallel and perpendicular to k. In a triclinic
crystal there are no transverse waves.

In passing, note that because the elastic tensor is rank four (ie it trans-
forms as four copies of a vector, and ℓ = 1 object) its decomposition into
spherical tensors contains only those with ℓ ≤ 4. For this reason, an axis of
higher than four-fold symmetry is indistinguishable from full rotational
symmetry: an hexagonal crystal looks isotropic in the plane. Similarly,
the polarization is a vector, and so propagation along three-fold axes of
symmetry and higher have only one distinct transverse speed of sound.

It is also intereting to ask the effect of tilting the wave vector slightly
off an axis of high symmetry. How much to the speeds of sound and po-
larization vectors change? Some insight comes from perturbation theory.
A small rotation away from the original propagation direction can be ex-
pressed as 1 + θ · J, where 1 is the identity, J are the generators of rotation,
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and θ is a small angle that defines the perturbation. Corrections to the
speed of sound at first order in θ will come from

δv
v
= Ai(θ · J) jµCiµklk jkkAl. (2.18)

For high symmetry directions, k and A are either perpendicular or par-
allel and, for a rotation away from k, this first order correction vanishes,
being proportional to elements of the elastic tensor that are zero. There-
fore, the corrections to the speed of sound go as θ2. (An exception to this
rule is for propagation along the three-fold axis in cubic symmetry.) The
correction to the polarization will go as the small angle θ divided by the
different in the speeds of sound squared.

Now we consider the effect of symmetric viscosity. The stress is now

σi j = (ci jkl + iωη(S )
i jkl)εkl, (2.19)

from which we find the power density of the elastic wave

P =
dUel

dt
= iωℑσi jεi j = ω

2η(S )
i jklεi jεkl. (2.20)

Dividing by the total energy density (assuming the η(S )ω ≪ c), we find
the ultrasound attenuation per unit length

α =
ω2

ρv3η
(S )
i jklÂik̂ jÂkk̂l, (2.21)

where we have converted the strains to displacements and divided by
the speed of sound, v. This is only valid for particularly high symmetry
directions, but the flavor is correct. So we confirm that the symmetric
imaginary part of the elastic tensor results in loss.

Now consider the antisymmetric imaginary Hall viscosity. Now the
power loss is

P ∼ η(A)
i jklεi jεkl = 0 (2.22)

by the antisymmetry of the tensor, so this is a lossless viscosity. To see
what the Hall viscosity does we go back to the Lagrangian and consider
the case of a sound propagating along a two-fold symmetric z-axis with a
single Hall viscosity element, η = ηxzyz, so that Equation 2.16 becomes
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L =
ρ

2
u̇2 −

c44

2
k2u2

y −
c55

2
k2u2

x −
η

2
k2(uxu̇y − u̇xuy), (2.23)

from which we derive the equation of motion

ρω2u⃗ = k2
[

c55 iηω
−iωη c44

]
u⃗. (2.24)

We can gain some intuition for the equation of motion by rewriting
the matrix on the right-hand side in terms of the average elastic modulus
c = (c44 + c55)/2 and the difference δ = (c44 − c55)/2. Then the equation of
motion becomes a sum of Pauli matrices,[

c55 iηω
−iωη c44.

]
= c1 + δσz + ωησy (2.25)

The square of the phase velocities, v2
± = ω

2/k2, are then

ρv2
± = c ±

√
δ2 + ω2η2, (2.26)

so that the two transverse wave speeds are split both by the difference in
elastic moduli and by the viscosity. The polarizations are, up to a normal-
ization constant,

u+ =
1√

δ2 + ω2η2

[
δ +

√
δ2 + ω2η2

iωη

]
u− =

1√
δ2 + ω2η2

[
iωη

δ +
√
δ2 + ω2η2

]
.

(2.27)
From Equation 2.27 we can see that when η = 0, changing δ does not
change the polarizations thought it does split the degenerate speeds of
sound. When δ = 0 adding non-zero viscosity results in circular rather
than linear polarizations. Finally, when both η, δ , 0, we get elliptical po-
larizations.

This is the characteristic which allows the Hall viscosity to be detected
by an ultrasound experiment: of the three components of the elastic tensor,
only Hall viscosity results in circular polarized normal modes. Crucially,
the difference in the speed of sound between left and right handed modes
is odd under time reversal. As we will see in the next section these two
features, unique to the odd viscosity, allow us to isolate and detect the Hall
viscosity in an experiment.
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2.3 Pulse Echo Ultrasound - Hardware

The Hall viscosity causes dissipationless mixing of sound modes. Of par-
ticular interest to us are elements of the Hall viscosity tensor that mix dif-
ferent shear modes. In this case, the effect of the viscosity is to rotate the
transverse polarization of the shear mode as a sound wave propagates.
Here we describe the pulse echo method, which can be used to detect the
polarization rotation and measure elements of the Hall viscosity tensor.

2.3.1 Overview of the method

The pulse echo method is a tool for measuring the speed and attenua-
tion of sound waves of a particular frequency, propagation direction, and
polarization. The experiment consists of applying a short pulse of stress
and allowing the resulting strain wave to travel through the sample. The
strain wave bounces back and forth “echoing” between the sample bound-
aries and is read out by monitoring the strain at the sample surface. The
injection and detection of strain is normally done with a piezoelectric el-
ement, which converts electric field to strain and strain to electric field.
This allows the strain wave to be generated by applying a voltage and the
returning echoes to be measured with a voltmeter.

To ground ourselves in reality, we consider the typical time and length
scales of the experiment. Your run-of-the-mill crystal of quantum material
can be grown with dimensions of ℓ ∼ 1 mm. The typical speed of sound
in a solid is v ∼ 3000 m/s, so the time is takes a pulse of sound to travel
across the sample will be t ∼ 300 ns. For a measurement of this type to
be meaningful, the width of the sound pulse must be less than the time
between successive reflections, this means we work with pulse widths w ∼
30 ns. Finally, to make a phase sensitive measurement (to be described in
a moment), we want many periods of the soundwave to be within a single
pulse. This requires the frequency to be f ∼ 0.5 GHz. Equivalently, we are
working with sound wave lengths of λ ∼ 5 µm. These numbers vary, of
course, but that is the right idea.

The quantities we have access to are the time of flight, the phase of the
return pulse, and its amplitude. Clearly, the time to traverse the sample
gives the speed of sound v = ℓ/t. However, the thickness is difficult to
measure to better than one percent, which puts a bound on the precision
of the absolute value of the speed of sound. The phase of the return echo,
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Figure 2.2: Schematic of the pulse echo experiment: In the pulse echo ex-
periment, a strain pulse is injected into a crystalline sample us-
ing a piezoelectric transducer. The pulse propagates through
the sample, reflecting off the sample boundaries, and is de-
tected either by the same transducer used to excite the strain
wave (a) in reflection mode, or using a second transducer on
the opposite face of the sample (b) in transmission mode. The
raw data, in both experimental configurations, is a series of
“echoes” spaced in time by ∆t = v/2ℓ, where v is the speed
of sound and ℓ the sample thickness. The echo amplitudes de-
cay exponentially according to the attenuation, α, of the sound
wave. (c) In the reflection experiment, the first detected echo
arrives t0 = v/2ℓ after the initial excitation, and subsequent
echoes arrive at 2t0, 3t0, .... d In the transmission experiment,
the first detected echo arrives t0 = v/ℓ after the initial excita-
tion, and subsequent echoes arrive at 3t0, 5t0, ....
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however, increases the precision many orders of magnitude if we are only
interested in the relative changes in the speed of sound. To see this, note
that the total phase accumulated during the time t is

ϕ = 2π
ℓ

λ
= 2π

ℓ f
v
=⇒ δϕ = −2π

ℓ f
v
δv
v
= −ϕ

δv
v
. (2.28)

For our typical dimensions, the total phase is ϕ ∼ 1000 rad and we can
estimate the uncertainty in the phase as ∆ϕ ∼ 1/

√
w f N, where w f is the

number of periods in the pulse and N is the number of averages we take.
A modern oscilloscope can average 104 waveforms, giving ∆ϕ ∼ 10−3 rad,
by which we can reach precision on the order of δv/v ∼ 10−6 – about ten
thousand times better than time-of-flight.

The second quantity to which we are sensitive is the amplitude of the
incoming strain pulse. As discussed earlier, the strain wave does irre-
versible work on the crystal as it propagates, generating heat as quantified
by the attenuation α, which measures the fractional energy loss per unit
length. A fractional energy loss per unit length corresponds to an expo-
nential decay of the initial amplitude, A0

A(x) = A0e−αx/2, (2.29)

where the factor of 1/2 accounts for the fact that the energy is propor-
tional to the amplitude squared. There are various annoying conventions
for the units of attenuation, with the unfortunate fact that we have ten
fingers meaning that the standard unit of decay assumes the base 10 loga-
rithm (dB). If we stay in the natural base, the unit is neper (Np).

It is also important to note that the piezoelectric transducers used for
excitation and detection of the strain are polarization specific, which is
especially relevant to the measurement of Hall viscosity. This means that
the strain wave is generated with a particular polarization and that we also
measure a particular polarization.

In sequence, what happens in the pulse echo experiment is strain of
an initial polarization is generated in the transducer by application of a
voltage. This is converted to a stress of the same type in the sample which
breaks into (possibly three) normal modes in the sample and propagates
(at possibly three different speeds). When the strain from a normal mode is
incident on the detecting transducer, it generates a strain which results in
a voltage across the transducer, which can be read out on an oscilloscope.
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That is the idealized experiment. Now the details.

2.3.2 The transducer

There are two broad classes of transducers used for the pulse echo exper-
iment: bulk and thin film. The very earliest experiments employed very
large ceramic piezoelectric rods coupled to the sample either with glue
or a small amount of mechanical pressure. As the technique developed
the transducers were miniaturized to both reduce experimental artifacts
(described in more detail later) and to make the method compatible with
smaller samples. These transducers were still bulk pieces of ceramic or
single crystal (commonly lithium niobate) and bonded to the sample. This
same period, however, saw the development of thin film transducers in
which a ∼ 1 µm layer of piezoelectric material (commonly cadmium sul-
fide or zinc oxide, later aluminum nitride) was sputtered directly on to the
sample surface.

Thin film and bulk transducers are complementary in many ways,
though the thin film offers some distinct advantages. Note that the re-
sponse of a transducer as a function of frequency can, to first approxima-
tion, be regarded as that of a mechanical resonator clamped at one end
(one face of the transducer is bonded to the sample). As such, the trans-
ducer of thickness t has a resonances when the frequency, fn, is

fn =
v
2t

(2n + 1), (2.30)

with n a non-negative integer and v is the speed of sound in the piezo-
electric. The width of the response resonances will be defined by the me-
chanical quality factor of the piezoelectric, roughly in proportion to its
crystallinity. The bulk transducer typically has thickness ∼ 100 µm and a
very high quality factor ∼ 103. So the response is at discrete frequencies
starting at and spaced by v/2t ≈ 25 MHz, with minimal response between
resonances.

In contrast, the thin film will have resonances in the gigahertz. Further,
the sputtered film is typically granular and much more easily damped by
the electrode used to contact the transducer. This results in a quality factor
of order 1. Therefore, the thin film transducer is ideal for probing at larger
drive frequency and allows for nearly continuous, broadband operation
with gigahertz bandwidth.
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Compared to the bulk piezo, the thin film also has the advantage of not
requiring a bonding layer to attach it to the sample. The intert bonding
layer both reduces the coupling between the transducer and sample and
results in unwanted reflections as strain is transmitted between the trans-
ducer and sample. The lower quality factor of the thin film also reduces
the amount of ringing artifacts in the experiment where, even though
a short voltage pulse is applied, the resulting mechanical motion of the
transducer may continue for significantly longer.

Though superior in many ways, the use of thin film transducers faded
as the pulse echo technique became less common and the community
waited for a new generation of heavy fermions to study by ultrasound.
The experiments described in this thesis exclusively employ thin film zinc
oxide transducers, which turn out to be very well suited to α-RuCl3, a
fragile material easily distorted by heavy glue.

The pulse echo experiment aims to measure the linear strain suscepti-
bility of the sample. In the context of a pulse echo experiment, this means
that we want small strains (ε ≪ 1). To check that we are in the linear re-
sponse regime, we need to estimate the size of the strain we apply. This
turns out to be trickier than it might seem, but we can obtain an upper
bound by considering the properties of the piezoelectric transducer. Be-
fore diving into specific materials, we can estimate the piezoelectric con-
stant, p, by imagining a small electric dipole of order ea, where e is the
electron charge and a the lattice constant, being stretched by an applied
electric field against the lattice stiffness, giving

p =
δσ

δE
≈

e
a2 . (2.31)

The piezoelectric constant is usually given in units of δε/δE, so divid-
ing by the elastic modulus gives the estimate p ≈ 10 pm/V. In a pulse
echo experiment we apply ∼ 10 V to the 1 µm thick transducer, resulting
in a small strain ε ∼ 10−4. This provides an upper bound, as the electri-
cal impedance matching between the transducer and the voltage source
results in a significant reduction in applied power. It is interesting to note
that, though we are almost certainly in the linear response regime, a 2ω
response does sometimes appear and is most likely due to heating of the
sample.

An impedance mismatch occurs because the transducer is not a well
controlled circuit element, but is typically driven by a 50 Ω voltage source.
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It is a nice introduction to the physics of the piezoelectric to derive an
expression for the impedance of the transducer.

To start, the piezoelectric effect describes the interconversion of electric
field and strain. As such, it corresponds to a term in the free energy

Up = pi jkEiε jk (2.32)

where Ei is the component of the electric field, εi j is the strain, and pi jk is
the piezoelectric tensor. Because the electric field is inversion odd, a mate-
rial must break inversion symmetry to exhibit a spontaneous piezoelectric
effect. The number of independent piezoelectric coefficients is dictated by
the point group symmetry of the material in the same way as the elements
of the elastic tensor.

We consider a 1 dimensional model, with a transducer of thickness t
and area A with dielectric consant ϵ and elastic modulus c0. The piezo-
electric coefficient will be p, which gives an energy density in terms of the
strain and the displacement field, D

E(ε,D) =
c0

2
ε2 +

1
2ϵ

D2 − p0Dε. (2.33)

In the pulse echo experiment we apply the electric field E, for which
we need the transformed energy in terms of E

U(ε, E) =

(
c0 − ϵp2

0

)
2

ε2 −
ϵ

2
E2 − ϵp0Eε ≡

c
2
ε2 −

ϵ

2
E2 − pEε, (2.34)

where c = c0 − ϵp2 is the reduced speed of sound in the polarized state.
This gives the stress and electrical displacement field

D = −
∂U
∂E
= ϵE + pε (2.35)

σ =
∂U
∂ε
= cε − pE, (2.36)

The top side of the transducer at height t is assumed free, so there is no
stress at the top. The stress at the bottom will be left un specified for now.
For harmonic displacements u = u+ei(ωt−kx) + u−ei(ωt+kx) with wavelength λ =
2π/k and frequency ω we get
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0 = ikc (u+ − u−) − pE (2.37)

σ = ikc
(
u+eiϕ − u−e−iϕ

)
− pE, (2.38)

where we have written kt = ϕ is the phase lag across the transducer.
Now the voltage different across the transducer is the integral of the elec-
tric field

V =
∫

dxE(x) =
1
ϵ

∫
dx (D − pε) == Dt −

p
ϵ

(
u+(eiϕ − 1) + u−(e−iϕ − 1)

)
.

(2.39)
Additionally, there is a bound charge on the surface of the transducer

qb = AD, (2.40)

which generates a current iωAD. This gives the impedance

Z =
V
I
=

1
iωC

(
1 + k2

c

(
1 +

σ

2pD

)
tan(ϕ/2)
ϕ/2

)
(2.41)

where we have defined the coupling constant k2
c = p2/ϵc, which is the

ratio of elastic to electrical energy densities in equilibrium. The boundary
stress σ will depend on the situation. We give here the result for the case
when the transducer is attached to a sample of length much longer than
the ultrasound pulse, so the sample can we considered semi-infinite. (The
result change in the case on continuous wave excitation in which standing
waves can appear.)

Z =
1

iωC

(
1 −

k2
c

ϕ

2Zt(cos(ϕ) − 1) − iZs sin(ϕ)
iZs cos(ϕ) + Zt sin(ϕ)

)
, (2.42)

where Zt and Zs are the acoustic impedances of the transducer and sam-
ple respectively. This reduces to the result above for the free transducer
case σ = Zs = 0. Note that the overall behavior is capacitive, where the
interaction with the sample controls when energy will be converted to an
acoustic wave inside the sample. From the expression for the impedance
we can define an effect resistance, capacitance and inductance, from which
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Figure 2.3: Impedance of the transducer: Here we plot the magnitude of
the impedance (a) and the power reflection coefficient (b) for
a 50 Ω source using the model Equation 2.42 assuming typical
transducer parameters. We take the sample and piezo acous-
tic impedances equal, use the dielectric constant of ZnO, and
transducer dimensions 200 µm laterally and 1 µm thick. The
impedance is largeley capacitive. The reflection coefficient dips
near 1.5 GHz, where the transducer has a resonance and can
transmit acoustic energy into the sample. The width of the
resonance in this model is set by the inverse of the coupling
Q ∼ 1/kc.

we can find the center frequency ω0 ∼ v/t as expected, and the quality fac-
tor Q ∼ 1/kc – so the resonance is sharper the better the conversion between
acoustic and electrical energies.

The model actually compares favorably with measurements of the
impedance on as fabricated transducers. However, because the VNA
impedance measurement has more in common with the continuous wave
excitation (where the sample cannot be considered semi-infinite), we de-
lay looking at those data, which have some very beautiful features related
to the quasi-continuous wave excitation.

The impedance mismatch between the driving source and the trans-
ducer is a both a feature and a bug. Clearly we need to inject ultrasound
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into the sample to measure anything. However, if the transducer is per-
fectly matched to the source we will not get multiple reflections within the
sample, which is sometimes useful for sanity checking features in the data.
More fundamentally, the necessity of exchanging energy with the waveg-
uide used to excite the sample makes obtaining an absolute value for the
ultrasound attenuation almost impossible without detailed knowledge of
the coupling. However, the prospect of driving a large acoustic energy
with very little voltage is appealing, as large voltages inevitably heats the
sample at the lowest temperatures. The utility of impedance matching
probably scales as one over the temperature.

Lastly, we comment on the deficiencies of the model presented here
in speaking to the real experiment. We have neglected entirely the contact
between the waveguide and the sample, which is a mess of paint and wire.
Additionally, this simplified model assumes only a single mode is excited,
which is not true in a multimode transducer where shear and compres-
sional waves are excited simultaneously.

2.3.3 ZnO (on tilt)

Having understood the electrical characteristics of the transducer fully, we
move to the specific piezoelectric material, zinc oxide, used in the experi-
ments discussed later. Stoichiometric zinc oxide crystallizes in the hexago-
nal point group C6v, in which the coordinate z transforms as a scalar allow-
ing a spontaneous c-axis electrical polarization. The symmetry allows for
three independent piezoelectric coefficients, which contribute to the free
energy

Upiezo = d33Ezεzz + d31Ezεx2+y2 + d15

{
Ex, Ey

}
· {ε55, ε44} . (2.43)

The values are in the range of d33 = 12 pm/V, d31 = −5 pm/V, and d15 =

−5 pm/V. Therefore, we calculate the induced stress, σ̂, on application of
the electric field E = cos(θ)ẑ+ sin(θ)x̂, tilted an angle θ away from the c-axis

σ̂ = d33 cos(θ)σzz + d31 cos(θ)σx2+y2 + d15 sin(θ)σ44, (2.44)

and we develop a compressional stress both perpendicular and paral-
lel to the c-axis, in addition to a shear stress polarized along the in-plane
direction of the electric field.
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To make things relevant to the experiment, if we have a zinc oxide film
on a sample, then the direction of the electric field will be normal to the
film and the strain wave we generate will also travel normal to the film,
into the sample. From Equation 2.44 we know that if the c-axis of the film
is normal to the sample surface we only generate compressional strain.

Figure 2.4 shows the situation in general, we can ask how much of each
type of strain we active for a given electric field direction , set, now, by the
direction of the film c-axis relative to the sample normal, θ. This will be
proportional to A(θ) = pi jkÊiû jk̂k, where Ê is the electric field direction, û
is the direction of the displacement in the strain, and k̂ is its propagation
direction in the sample, where Ê = k̂ by necessity. As the c-axis is tilted
away from the sample normal, we exchange compressional strain for shear
strain. The compressional strain vanishes entirely at θ ≈ 40◦ because of the
competition between positive and negative piezoelectric coefficients.

In a tilted zinc oxide transducer, where the sample normal is neither
in the plane or along the c-axis of the zinc oxide, the waves generated are
referred to as quasi-longitudinal and quasi-shear. Remember, though, that
if the waves in the crystal are pure transverse and compressional waves
(ie the propagation direction is along a high symmetry direction of the
sample), then the incoming wave in the zinc oxide will generate a mix of
shear and compressional waves in the zinc oxide. This can result in the
re-emission of a mixed wave – so only shear is incident on the transducer,
for example, but shear and compressional waves are launched back into
the sample.

2.3.4 Growth

Zinc oxide preferentially grows with the c-axis normal to the sample sur-
face resulting in pure compressional sound. However, measuring the
Hall viscosity requires the generation of shear waves. For this reason we
develop a method of sputtering inclined c-axis films, which results in a
mixed-mode film that generates both longitudinal and transverse waves.

We fabricate the zinc oxide thin films by sputtering deposition. We per-
form all depositions in a 4-gun Angstrom Engineering NexDep magnetron
sputtering system, with the sample mounted above the sputtering targets.

The transducer consists of three layers: a bottom Ti/Pt layer
(8nm/100nm), an ∼ 1 µm layer of piezoelectric ZnO, and a top layer of
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Figure 2.4: Angle dependence of stress generated in the ZnO film: The
amount of stress generated by the zinc oxide transducer is a
function of the angle between the piezoelectric’s crystalline c-
axis and the applied electric field. A thin film grown on a sam-
ple surface is most easily excited by an electric field normal to
the film. Here, we plot the amount of longitudinal (klong) and
transverse (ktrans) stress generated as a function of the angle be-
tween the ZnO c-axis and the applied electric field. With the
c-axis normal to the sample surface, only longitudinal waves
are generated. However, is the c-axis is tilted away from the
sample normal, we generate both longitudinal and transverse
waves.
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Figure 2.5: Transducer fabrication: we use sputtered thin films of zinc
oxide as the piezoelectric transducer in the pulse echo exper-
iment. (a) is a schematic of the material stack. The bottom elec-
trode is 100 nm of DC sputtered platinum covering the entire
surface of the sample. The active ZnO layer, approximately 1
µm thick, is RF sputtered in a 3:1 mixture of Ar:O gas at 3 mtorr.
A second 100 nm layer of platinum forms a top electrode. Al-
ternatively, silver paint is used as a top electrode. In the fabri-
cation process, a 10 nm sticking layer of titanium is sputtered
before each layer of platinum or zinc oxide. By sputtering the
zinc oxide at a fixed, oblique angle relative to the sample, we
grow inclined c-axis ZnO films. (b) shows an SEM micrograph
of the film cross section. The bright white material in the center
is ZnO, which grows in columnar grains with the crystal c-axis
along the major axis of the column. The image shows grains
approximately 100 nm in diameter growing at an angle of ∼
22◦ relative to the surface normal. The tilted c-axis film allows
simultaneous generation of compressional and shear strain.
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Ti/Pt (8nm/100nm). The bottom metallic layer ensures adhesion of the
ZnO to the sample surface and functions as a ground electrode for the
transducer. The top metallic stack serves as an electrode for excitation and
read out. Both metal layers are DC sputtered in a pure argon environment.

We deposit the piezoelectric ZnO layer by RF sputtering with a 2 inch
diameter, 99.99% purity ZnO target. We use a 1:3 ratio of oxygen to argon
flow rates at a total pressure of 3 mTorr. The deposition rate is approxi-
mately 0.2 /s using a power density of 21 W/in2.

The polarization of the transducer is determined by the c axis orienta-
tion of the ZnO layer. For shear-polarized transducers, we use “glancing
angle deposition” to orient the ZnO c axis away from sample surface nor-
mal. To achieve this, we position the sample as far from the sputtering
target as our chamber allows, and keep the sample stage fixed (i.e. no ro-
tation) during deposition. The angle of incidence of ZnO ions on the sam-
ple surface in our sputtering chamber is approximately 70◦ away from the
surface normal. The resulting ZnO films have their c axis tilted away from
the sample surface normal along the straight line connecting the sample
and target. This process results in a transducer that generates both com-
pressional and shear stress in the sample. The polarization of the shear
stresses is in the direction of the ZnO c axis tilt.

The measurements of the Hall viscosity will be done in a transmission
configuration, in which two mixed-mode transducers are used in the ex-
periment: one to excite the strain wave and a second, on the opposite side
of the sample, to detect it. To facilitate antisymmetrization of the data as
a function of magnetic field, enabling a more sensitive detection of the
Hall viscosity, the transverse polarization of one transducer is rotated 45◦

with respect to the transverse polarization of the other transducer: this al-
lows differentiation between “rotation left” vs “rotation right”. A precise
45◦ misalignment is not necessary to perform the antisymmetrization, but
maximizes the size of antisymmetric signal in the presence of viscosity. A
full accounting of the experiment protocol is given in the later chapters on
YIG and α-RuCl3.

2.3.5 Sample preparation

The Platonic ideal of the pulse echo sample is an infinite slab 300 µm thick.
In pratice, we start with a possibly unoriented chunk of crystal and ap-
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proximate the ideal as best we can. One first aligns the crystal according
to the elastic moduli that are will be measured in the experiment using
Laue backscattering x-ray diffraction. The Laue pattern must be matched
to a simulated diffraction pattern to determine the orientation. An align-
ment of ∼ 1◦ is possible.

To do a reflectometry experiment, the strain pulse must also make
it back to the drive transducer, requiring that the sample faces between
which the strain wave bounces be parallel. This is accomplished by hand
polishing the sample on a precision machined polishing puck. After align-
ing the sample by Laue on the polishing puck, the first side can be polished
knowing that the alignment is maintained. The sample can then be flipped
and, if it is re-bonded flush against the polishing puck, the second side can
be polished parallel to the first. It is often good to re-check the alignment
with x-ray diffraction before polishing the second face, ensuring that par-
allel faces will be obtained.

The thin film transducer is ∼ 1 µm thick; therefore, the sample’s surface
roughness must be much less than 1 µm. Starting with an unpolished
sample, we polish with successively finer grit polishing paper, finishing
with a 10 nm grit. Polishing is done using either methanol or isopropanol
as lubricant. Care must be taken to avoid scratches during the polishing
process, regularly removing material that has been polished away. All
the polishing surfaces and the polishing puck must be kept as clean as
possible.

Before being loaded in the sputtering chamber, samples are cleaned
with acetone, methanol, and isopropanol. The cleaning process will de-
pend on the fragility of the sample. Sonication for ∼ 5 min in each solvent
is best if possible. Samples can then be dried with dry air and mounted on
a glass slide with silver paint for sputtering.

Particularly delicate samples, like α-RuCl3, cannot be polished or son-
icated and the transducer must be grown on a cleaved face. Such delicate
samples are handled only with a brush and never with tweezers.

For metallic samples, the sample bulk is electrically contiguous with
the transducer bottom electrode, and the sputtering process can be done
without breaking vacuum. For semiconducting or insulating samples, the
sample is removed from the sputtering chamber after the bottom electrode
has been deposited and, to allow access to the bottom electrode after the
zinc oxide layer has been sputtered, a small dot of silver paint is placed in
the corner of the sample away from where the top electrode will be made.
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This acts as a mask and can be washed away with solvent later.
After the transducer is deposited, the sample is mounted on a PCB for

measurement. Samples are bonded to the ground plane of the PCB with
GE varnish for mechanical stability. When it is particularly important that
the sample not move, or if the sample will experience large forces dur-
ing the experiment (ie a magnetic sample in a large magnetic field) then
angstrom bond or Stycase epoxy can be used in place of varnish. Ad-
ditional support for the sample can be given using pieces of glass slide
attached to the PCB.

The electrical connections to the transducer top and bottom electrodes
are made either directly to the PCB ground plane (bottom electrode) or
from the sample to the ground plane or signal wave guide using 99.99%
purity, 25 µm diameter silver wire. Contacts are painted by hand using
DuPont silver paste (solvent?).

Contacts painted by hand are typically limited to > 100 µm in diam-
eter (though, of course, sometimes we get lucky). If a particularly small
diameter contact is desired, the following trick is useful. Prepare a very
thin mixture of GE varnish and toluene-ethanol. The mixture should be
nearly transparent. Spread a layer of the thinned varnish on the surface of
the sample where you want to make contact. The varnish will dry to form
a thin insulating layer over the zinc oxide. Wait until the layer is partially
dry (∼ 30 min), then, using a 2 µm diameter TEM tip, poke a small hole
in the varnish layer. It should be possible to make a hole about 30 µm in
diameter. After the varnish dries completely, contact can be made using
silver paste applied over the hole.

2.3.6 Electronics

Figure 2.6 shows the measurement circuit for the ultrasound experiment
in transmission mode. We use a Tektronix TSG 4106A signal generator
to generate RF pulses. We set the pulse position, width, and repetition
frequency by external pulse modulation of the RF source supplied by a
Tektronix AFG 3100 arbitrary waveform generator. Before arriving at the
drive transducer the RF pulse is amplified by a Mini Circuits ZHL-42W+
power amplifier. The transmitted ultrasound excites the receive trans-
ducer, which is connected to a low noise Mini Circuits ZX60-83LN-S+ am-
plifier in series with a ZHL-42W+ power amplifier. We record the ampli-
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Figure 2.6: Measurment circuit: Schematic of the measurement circuit,
starting from the top left and moving clockwise. We generate
RF pulses at the transducer drive frequency (∼1 GHz) using a
Tektronix TSG 4106A signal generator (1). The source is pulse
modulated using a Tektronix AFG 3100 waveform generator (7)
to output ∼30 ns square pulses at a repetition frequency of ∼100
kHz. The RF pulse is further amplified by a Mini Circuits ZHL-
42W+ power amplifier with 33 dB gain (2). The pulse is then
fed through a Mini Circuits ZFWA2-63DR+ switch (3) to isolate
the sample and downstream circuit from the power amplifier
after the initial drive pulse is sent to the transducer. The switch
logic is controlled by a second channel on the AFG 3100 gen-
erator (7). Before reaching the sample, the pulse is high-pass-
filtered (HPFed) to remove switching noise and attenuated to
minimize unwanted reflections from the transducer. The sig-
nal at the receive transducer – the transmitted ultrasound – is
amplified twice, first by a low noise Mini Circuits ZX60-83LN-
S+ (4) then by a second ZHL-42W+ power amplifier (5) before
being filtered and recorded on a Tektronix MSO 6 Series oscil-
loscope (6).
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fied signal from the receive transducer on a Tektronix MSO 6 Series os-
cilloscope. We use Mini Circuits ZFWA2-63DR+ switches to isolate the
RF source and pulse amplifier from the oscilloscope. The switch logic is
controlled by the AFG 3100 waveform generator.

For the experiment in the reflection configuration, in which a single
transducer is used to both excite and detect the ultrasound, the same cir-
cuit can be used with only one modification. The receive amplifier (ele-
ment 4 in Figure 2.6) is attached to the third port of the switch (element
3 in Figure 2.6). In this way, the switching logic allows a single trans-
ducer to be driven and then read out on the oscilloscope. Given a typical
echo spacing of ∼ 100 ns, this requires a switch that can toggle in tens of
nanoseconds.

In all cases the oscilloscope is sequence triggered using the TTL of the
switching logic function generator (first trigger) in combination with a
split copy of the RF pulse (second trigger). This provides a more stable
method of averaging than a simple edge trigger, typically increasing sig-
nal to noise by a factor of two.

2.4 Pulse Echo Ultrasound - Software

All data were collected using custom-built software written in Python us-
ing primarily the PyQt module. We use the twisted module for asyn-
chronous control and collection. With the advent of large language mod-
els, the task of putting together data collection user interfaces became triv-
ial. Thank god.

In all experiments, our raw data is the amplified voltage across the
transducer as a function of time. A typical example is shown in Fig-
ure 2.7a. The MSO 6 series oscilloscope we used has a 6 GHz bandwidth
and we normally collect data with 40 ps between points, or roughly 10
points per period of the ultrasound excitation. A typical trace is approxi-
mately 5 µs in duration.

Precise triggering is necessary to avoid smearing out the phase of each
pulse. To maximize signal to noise we employ sequence triggering in
which the scope is first triggered by the gating pulse sent to the switches,
and the secondary trigger is a split copy of the RF pulse sent to the sample.
The repetition rate of the RF pulses is normally 10 kHz, which is just above
the frequency at which the scope can collect data in fast acquisition mode.
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a b c

Figure 2.7: Analyzing the data: In the pulse echo experiment, we mea-
sure the voltage across a detection transducer as a function
of time. (a) shows a typical raw echo pattern (compressional
sound along the c-axis of CsV3Sb5 at 3.0 GHz and 350 mK). The
echo spacing gives the absolute value of the speed of sound but
does not allow sensitive measurement of changes in the sound
velocity, which are typically part per thousand or smaller. To
increase the precision of the measurement, we consider the
phase of the excitation at each echo. (b) illustrates the raw sig-
nal at a single echo within the rectangle in panel a, which can
be analyzed by digital lockin. The phase of that echo, along
with its amplitude, are shown in (c). By recording the phase
of echo at the amplitude peak, we can achieve part per million
precion in tracking changes in the speed of sound as a function
of temperature or applied magnetic field.

Typically we average 104 waveforms while continuously sweeping ei-
ther the magnetic field or temperature. In fast acquisition mode, 104 aver-
ages are collected in ∼ 10s for a 105 point waveform. To avoid smearing
out features in the data, either the field/temperature ramp rate must be
slow compared to features in the speed of sound or attenuation. Alterna-
tively, a the data can be collected a series of discrete points in the external
parameter, which also allows for extended averaging if increased signal to
noise is required.
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2.4.1 Data processing

To extract the relative change in the speed of sound and attenuation, we
need the phase and amplitude of the ultrasound echoes. Because a stan-
dard commercial lockin amplifier requires a continuous wave input, we
use digital lockin on our pulsed signal. Figure 2.7b-c shows a single echo
in the time domain along with the processed data obtained by digital
lockin. The digital lockin is performed in software by the following steps:

The raw signal, S (t), is separated into in-phase, I(t), and quadrature,
Q(t), components at the drive frequency ω

I(t) = S (t) cos(2π f t) Q(t) = S (t) sin(2π f t), (2.45)

from which the DC component is extracted using a digital, phase-lag-
free low pass filter.

The filter implementation is in scipy butterworth, which constructs
a lowpass response function H(s) = Aout(s)/Ain(s), where Aout and Ain

are the (complex) output and input to the filter decomposed into decay-
ing/growing sinusoids, s = iω + α. The response function, H(s), is cho-
sen to be the ratio of polynomials H = P/Q which, in the time domain,
defines an ordinary differential equation relating the input to the output
data P̂Ain(t) = Q̂Aout(t), where P̂, Q̂ are time-domain differential operators
(polynomials in d/dt). The differential equation is converted to a finite
difference equation, which is solved by moving through the data in one
direction or another. The zero-phase-lag version does it once forward and
another time backwards.

The lowpass cutoff of the filter must be set low enough to remove un-
wanted noise, but not so low that it washes out the shape of each pulse in
the echo train. In practice, for a pulse width of w ∼ 30 ns, a lowpass cutoff
of ∼ 1/w = 30 MHz works reasonably well.

After lowpass filtering the amplitude, A(t), and phase change ϕ(t), of
the data at the drive frequency are

A(t) =
√

I(t)2 + Q(t)2 ϕ(t) = tan−1
(

Q(t)
I(t)

)
(2.46)

Some artifacts are introduced a result of the filtering. First, because the
filtering removes the higher frequency components of the square pulse
which amplitude modulates the RF signal, side lobes appear in the ampli-
tude of pulse envelope. Second, the phase of the pulse is distorted. This
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occurs because the low pass filter smoothly connects the phase within the
pulse to the random phase of the noise outside the pulse. If the cutoff
time constant is similar to the pulse width, the phase will have a sloping
background over the width of the pulse. We do not see this in the am-
plitude because

√
I2 + Q2 is smooth as (I,Q) → (0, 0) but tan−1(Q/I) is not.

Because of these artifacts, it is important to check that features in the data
are robust to the value of the low pass cutoff.

2.4.2 Speed of sound and attenuation

Using the phase and amplitude we can extract changes in the speed of
sound and the ultrasound attenuation. Changes in the speed of sound are
found by tracking the difference in phase of two echoes divided by the
total phase between them:

−
δv
v
=
δϕ

ϕ
=
ϕ2 − ϕ1

2π f t
(2.47)

where ϕ1, ϕ2 are the phases at two echoes taken from the lockin, f is the
drive frequency, and t is the time spacing between the echoes.

There is ambiguity in picking the points in time within each echo at
which to evaluate the phase. We can estimate the error introduced by this
ambiguity, which comes from two sources. First, as mentioned earlier, the
digital filtering introduces a slope in the phase within the pulse, which
changes ϕ1 and ϕ2 in Equation 2.47. The total change in phase across the
echo is normally ∼ 1 mrad, introducing a systematic error ∼ 10−6 in the
change in speed of sound. Second, the choice of where to evaluate the
phase changes introduces uncertainty into the total phase via the echo
spacing, t in Equation 2.47. This gives a maximum absolute uncertainty
∼ w/t, where w is the pulse width, which can be almost 100%. This sys-
tematic is largely mitigated by being consistent in picking the positions
within the pulse at which to evaluate the phase. Under the assumption
that the envelope is static (as a function of external parameter) we use the
position of the peak in amplitude.

This assumption, however, may not always hold. Changes in the en-
velope shape as a function of external parameter come most obviously
from interference. In particular, the strain pulse has finite extent in space,
which means different portions of the strain pulse interact with different
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parts of the sample. As an example, if the faces of the sample are not par-
allel, some parts of the pulse will travel a longer distance than others. The
pulse can also reflect off the back of the transducer. Additionally, the sam-
ple has finite extent and the strain wave can bounce off the sample’s lateral
boundaries if the transducer is close to the sample edge.

This type of interference distorts both the amplitude and phase, but has
an outsized effect on the amplitude as a function of propagation time. This
is because the wavelength of the ultrasound is of the order 1 µm, which
is similar to the path difference you might expect on reasonably but not
perfectly parallel sample faces. Faces only 1◦ off parallel for a 200 µm di-
ameter transducer result in path differences of a full wavelength between
successive echoes. The sound wavelength is also similar to the thickness
of the transducer. In any case, this can cause a path difference of order the
wavelength to accumulate on each traversal of the sample, which can re-
sult in very dramatic departures from the exponential behavior expected
from energy loss.

The wavelength itself also changes as a function of external parameter
which, combined with path difference interference, can also alter the pulse
shape. This can be understood qualitatively by considering the phase from
a pulse reflected off a tilted boundary. If the maximum difference in path
length between parts of the reflected signal is δℓ (ie the boundary is tilted
by ϕ and the spatial extent of the pulse is δℓ/ tan(ϕ)), then the total reflected
signal is distorted by an amount∫ δℓ

0
dyeiky = eikδℓ/2sinc

(
kδℓ
2

)
(2.48)

where k is the sound wave vector. We see that the phase picks up an
extra piece proportional to kδℓ/2. Because δℓ will be proportional to the
total distance the pulse travels (ie it picks up more path length difference
on each reflection) there will be a different amount of distortion for each
echo. For this reason, even though Equation 2.47 should give the same
answer independent of which echoes are chosen, in an imperfect sample
interference effects can give systematic differences between echo pairs.

Furthermore, as the wave vector changes by δk as, say, a function
of temperature the systematic also changes by an amount δϕs = δkδℓ =
(δv/v)(kδℓ), where δv/v is the fractional change in the speed of sound. For
realistic values of k ∼ 3 · 106 m−1 and δℓ ∼ 1 − 10 µm, we get a system-
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atic phase distortion that is of order the fractional change in the speed
of sound. When divided by the total phase between echoes, usually ∼
103 rad, we expect systematic error in the relative change in the speed of
sound by less than one percent. Note that this effect becomes more pro-
nounced, and the requirements of parallelism of the sample faces becomes
more stringent, at higher frequency.

The ultrasound attenuation can be extracted by two methods. First, if
the signal consists of many echoes, we can fit the set of echo amplitudes
versus time to the exponential decay. However, because of the interference
effects mentioned above, the fit is often unreliable unless there are many
large amplitude echoes, which allows the interference to be averaged out.
Additionally, as the amplitude of the echoes begins to hit the noise floor of
the measurement circuit (which necessarily happens) we come up against
the fact that the amplifiers used in the measurement are not perfectly lin-
ear, and tend to exhibit higher gain at lower amplitude.

A second method requires only a single echo. Writing the amplitude
A = A0e−α(T )t/2 where A0 is the initial excitation, t is the transit time, and α(T )
is the temperature dependent attenuation, we can extract the difference in
attenuation between temperature T and T0 by

∆α = α(T ) − α(T0) = −
2
t

log
(

A(T )
A(T0)

)
. (2.49)

This has the disadvantage that the interference effects come in directly.
It also does not include the temperature dependence of the loss in the coax-
ial cables between the sample and the measurement electronics. Both of
these effects can be significant if the temperature range in question is large.

Lastly, we note several reasons that the absolute value of the attenu-
ation is particularly difficult to extract. The interaction of the ultrasound
pulse with the transducer is non-negligible and results in energy loss un-
related to the properties of the sample. When the sample faces are not
parallel, a fraction of the sound energy is also deflected away from the
transducer and is not measured, an addition another source of loss unre-
lated to the sample. If the surface roughness of the sample is not com-
pletely negligible compared to the sound wavelength, diffuse scattering
off the boundary can also decohere the sound pulse adding another loss
channel unrelated to the bulk properties.
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2.4.3 Extracting the Hall viscosity

Most relevant to our original mission, is how to take the pulse echo data,
namely the amplitude of an echo as a function of applied magnetic field,
and calculate the Hall viscosity. Recall that the Hall viscosity results in
an antisymmetric in magnetic field amplitude due to the rotation of trans-
verse polarization. Our experiment consist of two transducers – one gen-
erating the strain wave and a second to detect it – which have shear polar-
izations rotated with respect to each other.

We use the equations of motion—Equation 2.24—to model the ultra-
sound experiment. Our experiment consists of launching a strain wave
along the c axis with frequency ω and polarization at angle ϕi in the x-y
plane: ui = (cos(ϕi), sin(ϕi)). To obtain the amplitude that we measure at
the receive transducer for a given value of the viscosity, we proceed in
three steps.

First, we compute the normal mode wave vectors, k±, and polarizations
u±, using Equation 2.24. The initial polarization is then decomposed into
the normal modes:

ui = αu+ + βu−, (2.50)

from which we can find the coefficients α = u†+ · ui and β = u†i · ui. The
phase of each mode after traveling the length of the sample, ℓ, is eik±ℓ. We
then project each mode on to the polarization of the receive transducer
u f = (cos(ϕ f ), sin(ϕ f )), giving two contributions to the final (complex) am-
plitude, Ã± from each mode polarization u±

Ã± =
(
u†± · ui

) (
u†f · u±

)
eik±ℓ (2.51)

The receive transducer sees the sum of the two modes, and the ampli-
tude we measure, Am is the amplitude of the sum

Am =
∣∣∣Ã+ + Ã−

∣∣∣ (2.52)

By flipping the sign of η in the model we form symmetrized and anti-
symmetrized amplitudes as a function of applied magnetic field. Because
the antisymmetric amplitude alone is not a meaningful quantity in this
context (it depends on the overall amplitude of the initial excitation, for
example) we normalize the antisymmetric amplitude in the model and
the data by the symmetric amplitude at zero applied magnetic field. To
extract the viscosity as a function of applied magnetic field, we perform a
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one parameter fit to the ratio of the antisymmetric and zero field symmet-
ric amplitudes using the model presented above. The value of viscosity as
a function of magnetic field is found by minimizing the squared difference
between the model output and the data.



Chapter 3

Hall viscosity and the Acoustic
Faraday effect of YIG

Before attempting to measure the phonon Hall viscosity in frustrated mag-
nets like α-RuCl3, it is useful to first validate our experimental technique in
a simpler and more controlled setting. For that reason, we study the acous-
tic Faraday rotation in yttrium iron garnet, Y3Fe5O12 (YIG), a prototypical
insulating magnet with a well-documented acoustic Faraday effect. [81,
82] This chapter begins with a brief review of the relevant properties of
YIG, followed by our extension of previous measurements of the acoustic
Faraday rotation and their interpretation in terms of Hall viscosity. Finally,
we present our measurements of the thermal Hall conductivity of YIG and
discuss their connection to the ultrasound data.

3.1 Introduction

The acoustic Faraday effect refers to the polarization rotation of transverse
sound waves in a crystal. The simplest realization of the acoustic Faraday
effect requires a material with three ingredients. First, the crystal struc-
ture must have an axis of at least three-fold rotational symmetry, ensur-
ing that the two transverse sound modes are degenerate at zero applied
magnetic field. Second, the material should host sharp, well-defined ex-
citations that can be tuned with an external magnetic field and brought
an energy comparable to the ultrasound drive frequency – this provides a
means of controlling the strength of the Faraday rotation. Third, the sound

70
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Figure 3.1: Unit cell of YIG: the cubic unit cell of YIG. Magnetically ac-
tive iron atoms sit in two symmetry-distinct sites – half are
surrounded by six oxygen atoms in an octahedral environment
(blue) and half are surrounded by four oxygen atoms in a tetra-
hedral environment (green).

waves must interact strongly with the field-tunable excitation. We find all
three of these ingredients in YIG, making it an ideal test case for acoustic
Faraday rotation measurements.

YIG crystallizes with cubic symmetry (space group 230, point group
Oh) with a unit cell consisting of eight formula units (160 atoms). The mag-
netically active Fe3+ atoms occupy sites with both octahedral and tetra-
hedral symmetry. Strong exchange interactions result in magnetic order,
while spin orbit coupling and crystal field splitting cause very weak mag-
netic anisotropy, discussed in detail below. Recent refinements of neutron
scattering data suggest that YIG exhibits slight rhombohedral distortion at
low temperature; however, this distortion introduces only minor changes
to the low-energy magnetic dispersion. [83, 84].
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Figure 3.2: Magnetic properties of YIG: (a) Temperature dependence of
the magnetic moment and magnetic susceptibility of YIG. Fer-
rimagnetic order onsets at ≈560 K, signaled by the appearance
of a finite magnetic moment and a sharp spike in the magnetic
susceptibility. (b) Magnon dispersion of YIG calculated using
DFT. At low energy the dispersion is particularly simple, fea-
turing a single parabolic band at k = 0 separated from higher
energy excitations by nearly 200 K. Neutron scattering exper-
iments show excellent agreement with the calculated disper-
sion. [83]

General interest in YIG arises from its exceptionally sharp low-energy
magnetic excitations, which make it a model system for studying spin
waves. [81] Magnetization measurements show that YIG develops a fi-
nite magnetic moment of ∼ 5µB/f.u. below TC ≈ 560 K. [85, 86] The
Hund’s rules imply that each of the five magnetically active iron atoms
should contribute 5µB, so the relatively small magnetization indicates the
magnetic moment of YIG is mostly compensated. The residual moment
remains uncompensated at all temperatures below the ordering tempera-
ture, growing as the temperature is lowered. [87]

Ferromagnetic resonance measures a small negative anisotropy K1 ≈

−600 J/m3, indicating that the magnetic easy axis lies along the crystaline
[111] direction. [88] YIG’s [111] easy axis, along the body diagonal, allows
for eight possible domains. However, owing to its small anisotropy, the co-
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ercive field is exceptionally low (Hc ≈ 0.1 mT) and the magnetic moment
can be reoriented by a modest applied magnetic field, saturating on appli-
cation of ∼100 mT. [89] The exceptionally small anisotropy field, Ha ≈ 10
mT implies a very small gap in the magnon spectrum on the order of a few
µeV, consistent with low-energy neutron scattering. [88, 90] As mentioned
earlier, this low-energy, field-tunable magnon gap will become important
for realizing an acoustic Faraday effect in YIG.

For the purposes of this study, the most relevant property of YIG is its
magnetoelastic coupling, which links applied magnetic field to induced
strain. The static magnetostriction of YIG was first measured by incor-
porating a sample into a resonant cavity and tracking the shift in res-
onance frequency as a function of applied magnetic field. Using this
method, Callen et al. reported a static magnetostriction of 6 · 106 erg/cm3.
[91] The sizable magnetostriction, together with YIG’s cubic structure and
sharp low-energy magnons, make it an ideal system in which to study
acoustic Faraday rotation. Indeed, four years after Kittel proposed the
effect, Matthews and Lecraw observed acoustic Faraday rotation in YIG
using pulse echo ultrasound. [31] Modeling their data after Kittel’s the-
ory, they extracted a magnetoelastic coupling constant 7 · 106 erg/cm3, in
good agreement with the static magnetostriction. Follow up ultrasound
experiments confirmed the Faraday rotation with reasonable quantitative
agreement across experiments. [92, 82]

Having established YIG as an excellent reference material for acoustic
Faraday effect measurements, we extend the existing data and validate the
experimental method we will use later for α-RuCl3. In particular, where
previous work measured the Faraday response at a single frequency, we
use broadband ultrasonic transducers to measure the effect continuously
as a function of frequency. Although previous work found excellent agree-
ment with Kittel’s model, we incorporate additional experimental checks
to strengthen the case that the observed signature of Faraday rotation – os-
cillations of the transmitted acoustic power as a function of applied mag-
netic field – is indeed a time-odd effect.

3.2 Ultrasound Data

We measure the ultrasound velocity and attenuation for compressional
and transverse sound waves propagating along the [100] direction of YIG.



CHAPTER 3. HALL VISCOSITY AND THE ACOUSTIC FARADAY EFFECT OF YIG74

lo
ng

itu
di

na
l

tr
an

sv
er

se

1 mm

a b c

Figure 3.3: s
ample of YIG for pulse echo ultrasound measurement]Ultrasound in YIG
along [100]: Preparation of the [100] aligned sample of YIG for the acous-
tic Faraday effect measurement. (a) The sample after being cut, aligned,
and polished. (b) Laue pattern after alignment – clear four-fold rotational
symmetry of the X-ray pattern indicates [100] alignment to ∼1◦. (c) Pulse
echo pattern at 300 K with a drive frequency of 1.5 GHz. Two sets of decay-
ing echoes are observed. The more closely spaced set of echoes, marked
in red, correspond to compressional sound traveling at 7400 m/s. The
slower, transverse sound, marked in blue, travels with velocity 3900 m/s.
Both speeds of sound agree well with the literature.

Direction Polarization Velocity (m/s) Modulus (GPa)
[100] [100] 7400 280
[100] [010] 3900 80

Table 3.1: Elastic properties of YIG: summary of the elastic properties of
YIG releveant for the experiments presented in this section. The
mass density is ρ = 5.17 g/cm3.

The basic characteristics of the sample are shown in Figure 3.3. The sam-
ple was cut from a 1 cm rod of YIG purchased from OXIDE and oriented
for the ultrasound experiment using Laue backscattering X-ray diffraction.
After polishing parallel faces for transducer deposition, the distance be-
tween faces was 4.5 mm. A single transducer was deposited on one of the
polished surfaces, and the resulting echo pattern at a drive frequency of
1.5 GHz is shown in Figure 3.3c. Two distinct echo trains are visible: the
spacing between the smaller and larger amplitude sets of echoes corre-
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sponds to sound velocities of 7400 m/s and 3900 m/s respectively. These
values are in good agreement with previous measurements of longitudinal
and transverse sound waves propagating along [100] in YIG. [93] Identi-
cal measurements were performed on a [111] oriented cylinder of YIG. A
summary of the elastic properties is given in Table 3.1

To measure the acoustic Faraday rotation we apply a magnetic field
parallel to the sound propagation direction and record the amplitude and
phase of the reflected ultrasound pulses. Figure 3.4b shows the amplitude
of a transverse sound wave as a function of applied magnetic field at a
temperature of 298 K and an ultrasound frequency of 1.40 GHz. At the
lowest magnetic field values the amplitude drops sharply before recover-
ing to about half its zero field value. With further increase of the magnetic
field, the amplitude begins to oscillate and the period of oscillation de-
creases, becoming very rapid as the magnetic field approaches 130 mT.
The oscillations then disappear for approximately 25 mT, after which the
low-field pattern is reproduced in reverse.

Up to this point, our data reproduce previous reports of acoustic Fara-
day rotation in YIG, observed at a single frequency. Because our ultrasonic
transducers operate continuously over a ∼1 GHz bandwidth, we can also
examine how the Faraday rotation evolves as a function of ultrasound fre-
quency. Figure 3.4a shows the amplitude of transverse ultrasound as a
function of applied magnetic field and frequency at a temperature of 298
K. The amplitude minima – visible as dark bands – disperse approximately
linearly with frequency. Moving from high to low magnetic field starting
at 300 mT, these bands of minima change slope and become more closely
spaced in magnetic field. A similar pattern appears on moving from low to
high magnetic field starting at zero tesla. In the intermediate field regime
is a “dead zone” in which oscillations are absent over the full range of ac-
cessible frequencies. This broadband capability provides a further test of
theoretical models of the acoustic Faraday effect.

YIG is an ideal system for observing the acoustic Faraday effect be-
cause high-quality crystals with low damping and large dimensions are
easily grown. As a result, the polarization undergoes several full rotations
before detection, producing pronounced oscillations in the detected am-
plitude. In this case, amplitude oscillations alone are highly suggestive of
polarization rotation. However, in order to detect acoustic Faraday rota-
tion in other systems – where either the effect is intrinsically much smaller
or large single crystals are not available – we develop an experimental pro-
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Figure 3.4: ]
Acoustic Faraday rotation of YIG: (a) shows the measured amplitude of
a reflected transverse sound wave as function of applied magnetic field
and frequency. Both the sound wave vector and the magnetic field are
along the [100] direction of YIG. Black regions indicate minima of the am-
plitude and, at fixed frequency, there are clear oscillations of the amplitude
as a function of magnetic field. As a function of frequency, the amplitude
minima disperse linearly. (b) shows a linecut of the data in a at a fixed fre-
quency of 1.40 GHz normalized to the zero-field amplitude. The period of
the amplitude oscillations in non-uniform in applied magnetic field. The
period decreases on approaching ∼130 mT from both the high-field and
low-field directions.

tocol capable of isolating the Faraday rotation even when the polarization
rotates by less than 2π. Beyond extending the range of materials in which
Faraday rotation can be detected, this technique shows definitively that
the “handedness” of the polarization rotation is odd under time-reversal –
a defining feature of the acoustic Faraday effect that cannot be established
in the simplest experimental configuration.

To that end we perform measurements in transmission mode, in which
two transducers are grown on opposing faces of the YIG sample. The po-
larization of the two transducers is misaligned by 45◦ and one transducer
is used to generate the ultrasound pulse and the second, receive trans-
ducer is used to detect incoming strain waves on the opposite side of the
sample. As illustrated in Figure 3.5, misaligning the transducers allows
us to distinguish clockwise and counterclockwise rotation because, in this
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configuration, the receive transducer polarization is rotated relative to the
drive transducer polarization with a definite handedness. For that rea-
son, starting from no rotation, clockwise polarization rotation cause the
amplitude at the receive transducer to increase, whereas counterclockwise
rotation would cause the received amplitude to decrease. In contrast, in
a reflection experiment, clockwise polarization rotation is indistinguish-
able from counterclockwise polarization rotation. This occurs because the
response of a shear polarized transducer is proportional to the absolute
value of the cosine of the angle between the incoming sound wave and
the transducer polarization and does not depend on the sign of the angle.

The ability to distinguish clockwise and counterclockwise rotation al-
lows us to perform two experiments to detect time-odd Faraday rotation.
The First, we can perform the experiment in positive and negative applied
magnetic field and antisymmetrize the data. Field-even effects, such as
magnetic field dependent ultrasound attenuation, will cancel on antisym-
metrization leaving only the field-odd amplitude changes due to polariza-
tion rotation. Magnetic field antisymmetrization has the advantage that
we do not need to observe a full 2π rotation to detect the polarization ro-
tation, and therefore translates well to very thin samples.

Second, because the each piezoelectric transducer can be used to both
excite and detect ultrasound in the sample, we have the ability to inter-
change the drive and receive transducers in the experiment. This can be
done by simply interchanging cables at room temperature and does not
require remounting or realigning a sample. For an ultrasound pulse that
travels one sample length before detection, switching drive and receive
transducers has the effect of reversing the propagation direction of the ul-
trasound. This offers a second way to confirm the presence of polarization
rotation: reversing the propagation direction switches the sign of the an-
tisymmetric signal. We perform both magnetic field antisymmetrization
and reversal of the propagation direction in our experiments on YIG.

Figure 3.6a shows the symmetric in magnetic field amplitude of a trans-
verse ultrasound pulse as a function of applied magnetic field and fre-
quency taken at 298 K. The same bands of minima appear in the transmis-
sion experiment as in reflection mode, Figure 3.4. While a reflection exper-
iment has identical amplitude oscillations in positive and negative applied
magnetic fields, the transmission experiment can confirm the time-odd na-
ture of the effect. Figure 3.6b shows the antisymmetric in field signal over
the same range of magnetic fields and frequencies as a. The amplitude
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Figure 3.5: Faraday rotation in transmission mode: Measuring in tran-
mission mode with misaligned transducer polarization allows
us to isolate the acoustic Faraday rotation. (a) plots the nor-
malized amplitude of the received signal as a function of po-
larization rotation angle for three transducer polarization mis-
alignments. The position of the amplitude minima and max-
ima are determined by when the incoming soundwave polar-
ization (red double arrows in the insets) is at 90◦ and 0◦ relative
to the receiving transducer polarization (hatched black lines in
the insets). Note that when the transducer polarization mis-
alignment is 0◦ or 90◦, the amplitude is an even function of ro-
tation angle, whereas when the misalignment is 45◦ the ampli-
tude is no longer identical for plus and minus rotation angle.
To further illustrate the utility of transmission mode measure-
ment, (b) shows the antisymmetric in rotation angle amplitude
(A(Φ > 0) − A(Φ < 0)) as a function of rotation angle for differ-
ent polarization misalignments. For 0◦ and 90◦ misalignments,
there is no antisymmetric signal. For the ±45◦ misaligments,
however, there is a non-zero antisymmetric signal with oppo-
site sign for +45◦ and −45◦ misalignment.



CHAPTER 3. HALL VISCOSITY AND THE ACOUSTIC FARADAY EFFECT OF YIG79

a b c

Figure 3.6: Acoustic Faraday rotation in transmission mode: To confirm
that the polarization rotation we observe is a time-odd effect,
we run our experiment in transmission mode, in which the
strain pulse travels between two transducers with misaligned
polarizations. In this configuration, an antisymmetric in mag-
netic field component of the signal indicates that the polariza-
tion rotation goes from clockwise to counterclockwise on re-
versing the direction of the magnetic field. (a) shows the sym-
metric in magnetic field amplitude, A(B > 0) + A(B < 0), as a
function of frequency and magnetic field. Dramatic amplitude
oscillations are observed as in Figure 3.4. (b) shows the anti-
symmetric in magnetic field amplitude A(B > 0) − A(B < 0) as
a function of frequency and applied magnetic field. The oscil-
latory behavior survives antisymmetrization, confirming that
the Faraday rotation is odd under time reversal. (c) illustrates
a line cut at a fixed frequency of 1.60 GHz for both positive and
negative magnetic field. The positions of the amplitude min-
ima and maxima are interchanged under reversal of the mag-
netic field direction. Given the misalignment of the drive and
receive transducers, this behavior is consistent with a time-odd
polarization rotation.
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Figure 3.7: Antisymmetrization of the full echo pattern: In the trans-
mission mode measurement of acoustic Faraday rotation, only
transmitted shear sound survives magnetic field antisym-
metrization. (a) shows the symmetric in magnetic field echo
pattern as a function of applied magnetic field. Each vertical
stripe is a received longitudinal or transverse strain wave, ei-
ther transmitted through the sample (having traveled an odd
number of sample lengths), or reflected (having traveled an
even number of sample lengths). The longitudinal and trans-
verse transit times are indicated on the top axis. (b) shows the
same echo pattern antisymmetrized in magnetic field. All the
echoes disappear except for the transmitted transverse sound
at ttrans and 3ttrans, consistent with a time-odd Faraday rotation.

oscillations survive antisymmetrization, consistent with acoustic Faraday
rotation.

To illustrate the extent of the difference between the positive and neg-
ative magnetic field data, Figure 3.6c shows the amplitude versus applied
magnetic field at fixed frequency of 1.60 GHz for both magnetic field di-
rections. The minim in the positive magnetic field data coincide with the
maxima of the negative magnetic field data, as vis versa, as expected of
Faraday rotation.
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Figure 3.8: Reversal of the propagation direction: Tranmission mode ex-
periments also allow us to reverse the propagation direction
of the ultrasound by swapping the drive and receive transduc-
ers. Because the drive and receive transducer polarizations are
misaligned by 45◦ with a fixed handedness, Faraday rotation
flips the sign of the field antisymmetrized amplitude whe the
propagation direction is reversed. Here, we plot the field an-
tisymmetric signal as a function of applied magnetic field for
the two propagation direction ±k. As expected of a Faraday ef-
fect, the sign of the antisymmetric signal is opposite for the two
propagation directions.
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3.3 Kittel model

Here we give a brief derivation of the model proposed by Kittel as a way
of generating RF magnons by injecting RF ultrasonic energy into a ferro-
magnet [30]. We begin with the classical Hamiltonian of a ferromagnetic
spin system with magnetization density M along its easy axis, which we
take here to be the z-axis. Energy can be added to the system by pointing
the local magnetization density away from the z-axis. For that reason we
take the system coordinates to be the components of the local magnetiza-
tion density along the x- and y-axes, Mx and My. (Note about units: what
follows is in SI units, but factors of µ0 are omitted for clarity (but can be re-
inserted by simply replacing the gyromagnetic ratio γ → µ0γ). Otherwise,
M is in units of tesla, and H in ampere per meter.)

There are two quantities associated with the magnetization dynamics:
the spin stiffness A, which characterizes the energy cost of varying the
magnetization density in space, and the precession frequency γM which
quantifies the torque a perpendicular magnetization feels about the easy
axis. To produce the equation of motion for Larmor precession, the La-
grangian is

Lmag =
1

2γM

(
MxṀy − ṀxMy

)
−

A
2M2

[
(∇Mx)2 +

(
∇My

)2
]
. (3.1)

Applying a magnetic field strength H along the easy axis results in a
Zeeman energy

EZ = −H · M ≈ −H · M
1 + M2

x + M2
y

2M2

 (3.2)

which, after dropping the constant term gives a term in the Lagrangian

LZ =
H

2M

(
M2

x + M2
y

)
. (3.3)

Separately, we consider the elastic energy. Since we will be interested
only in sound waves traveling along the magnetic easy axis, we have two
elastic stiffnesses – one, cL, for longitudinal displacement gradients (com-
pressions along z) and another, cT , for transverse displacement gradients
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(shearing perpendicular to z). In this case the coordinates are the local
displacements, u, of the material from equilibrium and the Lagrangian is

Lel =
ρ

2
u̇2 −

cL

2
ε2

zz −
cT

2

(
ε2

xz + ε
2
yz

)
, (3.4)

where ρ is the mass density, εzz = ∂zuz is the compressional strain, εxz =

(∂zux + ∂zuz)/2 and εyz = (∂zuy + ∂yuz)/2 are the shear strains.
The final ingredient of the model is a coupling between lattice strain

and the magnetic moment. This can arise, for example, from the fact that
exchange interactions depend on the relative positions of atoms in a mate-
rial through the extent and geometry of orbital overlap in real space. The
contribution of the spin-lattice coupling to the energy can be expanded in
powers of the magnetization and strain. To lowest order in the magneti-
zations, we look for terms proportional to M · Mx and M · My and a single
power of strain. In a cubic environment the only symmetry allowed term
available that involves linear contributions from Mx and My is

Li =
g

M2

(
MxMzεxz + MyMzεyz + MxMyεxy

)
. (3.5)

characterized by a single coupling constant g (in group theory jargon,
explain in more depth later, this is the T 2

2g × T1g term that transforms as
A1g).

After the usual manipulations, the Lagrangian L = Lmag + LZ + Lel + Li

gives the coupled equations of motion for Mx, My, ux, and uy assuming an
harmonic variation in the magnetization and strain

A
M2 k2 + H

M − iω
γM

ig
M k 0

iω
γM

A
M2 k2 + H

M 0 ig
M k

−
ig
M Mk 0 cT k2 − ρω2 0
0 −

ig
M k 0 cT k2 − ρω2



Mx0

My0

ux0

uy0

 = 0, (3.6)

where Mx0, My0, ux0, uy0 are the wave amplitudes for each degree of free-
dom, ω the frequency, and k the wavenumber. This set of linear equations
can be block diagonalized by moving to a basis of left and right circularly
polarized magnons and phonons: m± = Mx ± iMy and u± = ux + iuy. In this
basis the equation of motion is
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Figure 3.9: Dispersion of the Kittel model: (a) shows the numerical so-
lution for the energy-momentum relationship of the three de-
grees of freedom in the Kittel model. The ingredients are two
degenerate transverse phonons and a single right-hand circular
polarized magnon. The solutions of the model are very well ap-
proximated by left- and right-hand circular polarized phonons
and a right-hand circular polarized magnon. The color of each
trace reflects the character of the mode at that energy. (b) shows
that, when ω ≪ γH, the difference in wavenumber of the two
phonons – and therefore the Faraday rotation angle – increases
as the frequency squared.


A
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M −
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2ig
M k 0 0

−
2ig
M k cT k2 − ρω2 0 0
0 0 A
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M +

ω
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2ig
M k

0 0 −
2ig
M k cT k2 − ρω2



m+0

u+0

m−0

u−0

 = 0. (3.7)

The dispersion and mode decompositions can be carried out analyti-
cally, but is not terribly illuminating. The simple intuitive picture is much
more useful: in the absence of magnetoelastic coupling (g = 0) Equa-
tion 3.3 describes an uncoupled system of magnons and phonons where
the dispersion for the magnon is

ωmag(k) =
γA
M

k2 + γH (3.8)
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and, despite seemingly having two branches here, one of the solutions
has negative energy, so this single branch is non-degenerate. The disper-
sion of the phonon is

ωph(k) = vT k, (3.9)

where vT =
√

cT/ρ is the speed of sound. This, in contrast to
the magnons, describes two degenerate transverse modes. Note that
the magnon has a definite handedness (circular polarization), while the
phonons can be written in whatever basis we choose.

The magnetoelastic coupling creates an avoided crossing near the point
in energy/momentum where the coupled dispersions intersect. Since the
u− phonon doesn’t intersect the M− branch, to good approximation it re-
tains linear dispersion. The opposite circularized phonon couples to the
same circular polarized magnon and, near the intersection of the two dis-
persions, is mixed with the magnon. At this point – near the avoided
crossing – the coupling alters the phonon’s linear dispersion, breaking the
degeneracy with the second transverse phonon and causing an acoustic
Faraday effect.

To quickly review before attempting to be quantitative, the Faraday
rotation comes from the simultaneous excitation of left and right circular
polarized waves with different phase velocities. If the wavenumbers of
the left/right circular waves are kL/kR then then sum of the two is

eikR x

(
1
i

)
+ eikL x

(
1
−i

)
=

(
eikR x + eikL x

i(eikR x − eikL x)

)
. (3.10)

written in terms of the average and difference of the wavenumbers k0 =

(kR + kL)/2 and δk = (kR − kL)/2 this becomes

2eik0 x

(
cos(δkx)
sin(δkx)

)
, (3.11)

which describes a linear polarized wave with the polarization rotating
as a function of position at a rate of

Φ

L
=

kR − kL

2
(3.12)
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radians per meter.
So to compute the Faraday rotation we take the disperion and find the

difference in the two phonon wavevectors. This picture breaks down near
the avoided crossing since there is no “phonon” any more, but when the
phonon energy is far from the avoided crossing, the mixing is small and,
as a start, we can treat the two modes which most closely satisfy ω = vT k.
To treat the problem more precisely, we’ll do numerics later.

To estimate the Faraday rotation far from the avoided crossing we solve
for the dispersion at large magnetic field and small wavenumber, so ω ≪
2Ak2 + γH ≈ γH. In this limit we can calculate the momenta near ω/vT

and expand in powers of ω/γH to find the frequency as magnetic field
dependence of the Faraday rotaion. The result, which will be related to
the Hall viscosity later, is

Φ

L
≈
σω2

4v
1

(γH − σ)2 − ω2 (3.13)

where σ = 4g2γM3/v2ρ. At sufficiently low frequency the rate of ro-
tation is quadratic in frequency and decays like 1/H2 as the magnon is
pushed to higher energy.

3.4 Fitting YIG to the Kittel model

It is tempting to simply fit the Faraday rotation data of YIG using Equa-
tion 3.3. However, before getting into the guts of it, we should point out
a few subtleties. First, Equation 3.3 is a statement about local polarization.
In particular, this means that if (as is the case in an experiment) that the to-
tal magnetic field inside a sample in non-uniform, than that must be taken
into account in a fit. In fact, simulation of cylindrical geometries show that
the field will strongest near the sample boundaries, so a disproportionate
amount of the rotation will happen there. [82] In practice, we will make
the assumption that there is an “average” magnetic field strength that cap-
tures the full rotation experienced over the entire sample.

Related to this fact is that the applied magnetic field (especially in the
millitesla range) will not coincide with the total mangetic field relevant
to the Faraday rotation. The magnetic field applied with our supercon-
ducting magnet will compete with the demagnetizing field of the sample
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as well as the anisotropy field due to higher order terms in the magnetic
free energy. To account for this fact, we will replace H in Equation 3.3
with H − Hint, where Hint accounts for both the demagnetizing field and
anisotropy field.

Lastly, Equation 3.3 describes the high-field behavior when both the
sound and spin waves experience zero damping. Of course in a real
sample, both types of excitation have finite lifetime, which can be ac-
counted for by adding scattering rates to the magnon and phonon fre-
quencies ω → ω + i/τ. This removes the singular behavior of Equation 3.3
at ω = (γH − σ).

For the purposes of fitting data, it is useful to note that if the Faraday
rotation angle Φ is regarded as a function of applied magnetic field and
ultrasound frequency, then contours of constant rotation angle are straight
lines. Rearranging Equation 3.3 we find

1
γ

(
1 +

σt
4Φ

)1/2
ω = H − Hint (3.14)

where t = L/v is the sound wave transit time and Hint acccounts for the
anistropy and demagnetization of the sample in the experiment. These
straight contours are clearly visibly in the data as the streaks of amplitude
minima in the f -B plane. Conceptually, then, fitting the data is clearcut:
the value of Hint is determined by where the lines of amplitude minima
meet at f = 0, γ sets the spacing between minima, and the combination of
g2, γ, and M set the overall slopes. Because M and g appear together, we
are forced to use Hint as a proxy for M. The resulting value we obtain for g
will be correct to an order of magnitude, but the error bar will be of order
the demagnetizing factor (∼50%).

To extract the physically meaningful quantities from the fit, we note
two further details. First, for concreteness, the fit input is a set of ampli-
tude minima at each frequency. The output is a set of lines with a common
intercept at f = 0 and different slopes (one slope for each distinct mini-
mum at fixed frequency). The slopes of the n-th minima, mn, satisfies

m2
n =

1
γ2

(
1 +

σt
4

2
(2n + 1)π

)
(3.15)
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Echo Hint (mT) γ (GHz/T) g (µeV/Å3)
1 85 26.7 5
2 83 26.8 5

Table 3.2: Summary of fit results: summary of the physical parameters
extracted from the Kittel model fits to the acoustic Faraday ro-
tation data of YIG. The values obtained by fitting the amplitude
minima of the first and second echoes agree very well with each
other and the literature.

since the total rotation for a minimum is (2n+1)π/2 if the sound has ro-
tated n times. On physical grounds, we expect the highest field minimum
to be n = 0 (corresponding to a π/2 rotation), and the fit allows us to check
this explicitly: the ratio of adjacent differences of the slope squared should
follow a simple progression:

m2
n − m2

n+1

m2
n+1 − m2

n+2

=
2n + 5
2n + 1

(3.16)

It’s not Chern numbers, but we take what we get.
As a final note, Equation 3.3 is valid in the limit that 2AMk2 ≪ H, so we

will fit the high-field minima and go from there.
Figure 3.10 shows the fits of our data to the Kittel model of acoustic

Faraday rotation. We perform independent fits to the amplitude versus
magnetic field and frequency of the first two reflected echoes in the exper-
iment. Both fits capture the linear-in-frequency dispersion of the ampli-
tude minima very well. Using Equation 3.4 we identify the highest field
minima in both echoes as the point at which the polarization has rotated
π/2 radians. Fitting the slopes of each connected line of minima in the f -B
plane to Equation 3.4 we extract the gyromagnetic ratio and magnetoe-
lastic coupling of YIG. Table 3.2 summarizes the fit parameters – we find
excellent agreement between our fit and other measurements of the gyro-
magnetic ratio, all of which find the g-factor of YIG to be that of free spins,
γ = 28 GHz/T. The value of the magnetoelastic coupling also agrees with
previous Faraday effect measurements.
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a b c

Figure 3.10: Fits to the Kittel model: (a) shows the Faraday rotation data
(described in detail in Figure 3.4) for the first reflected echo
overlaid with fits to the amplitude minima using the Kittel
model. Linear fits to each connected set of minima in the f -B
plane are constrained to meet at a single point at f = 0 which
determines the demagnetizing field of the sample. The slopes
of each line are then used to extract the gyromagnetic ratio
and magnetoelastic coupling constant of YIG. (b) shows the
same for the second reflected echo, which has traveled twice
as far through the sample. (c) Each line of minima in the f -B
plane is a contour of constant rotation angle Φ = (2n + 1)π/2
with n ≥ 0 an integer. As the rotation angle becomes large,
the slope approaches the inverse of the gyromagnetic ratio.
The rate at which the slope decrease as the rotation angle in-
creases is set my the magnetoelastic coupling. The physical
parameters extracted using the first and second echoes are in
excellent agreement with each other and the literature.

3.5 Hall viscosity in the Kittel model

The Kittel model is a simple microscopic theory that describes ultrasound
propagation in magnetic systems. In the model, magnetoelastic coupling
causes transverse sound waves to experience acoustic Faraday rotation in
an applied magnetic field. The modern literature takes a different perspec-
tive, in which the acoustic Faraday rotation results from the Hall viscosity
of phonons. The connection between the two viewpoints is not imme-
diately obvious, so this section bridges the two descriptions and details
how the Hall viscosity emerges in the long-wavelength limit of the Kittel



CHAPTER 3. HALL VISCOSITY AND THE ACOUSTIC FARADAY EFFECT OF YIG90

model.
To that end, we consider the Kittel model in the limit where the ultra-

sound frequency is much smaller than the gap in the spin wave spectrum
induced by the applied magnetic field, so ω ≪ γH. We will also make the
simplifying assumption that the dispersion of the magnons is flat at the
momenta we care about, which means we drop terms proportional to the
gradients of the magnetization.

In this regime the magnetization dynamics are fast compared to the
sound wave period, and we can integrate them out of the problem. The
relevant terms of the Lagrangian can be written in terms of the magneti-
zation components M = (Mx, My) and strain components ε = (εxz, εyz) as

L = αMTσ∂tM + βMT IM +
g
M

MT Iε (3.17)

where α = 1/2γM, β = H/2M, I is the identity matrix and σ = iσy is
the symplectic matrix (antisymmetric with ones on the off-diagonals, in
normal speak).

The equation of motion for the magnetization is[
βI + ασ∂t

]
M = −

g
2
ε, (3.18)

from which we can expand the magnetization dynamics in powers of
the time derivative. To first order in ∂t the result is

M ≈
(
−

g
2β
I +

gα
2β2σ∂t

)
ε. (3.19)

Inserting Equation 3.5 in the Lagrangian, Equation 3.5, we took for
terms that are first order in the time derivative. These come from the first
and third terms of Equation 3.5, yielding an antisymmetric portion of the
Lagrangian

Lasym = −
g2α

2β2 ε
Tσ∂tε = −

g2α

2β2

(
εxzε̇yz − ε̇xzεyz

)
, (3.20)

which is exactly the form of a Hall viscosity tensor element. Restoring
units, we find the effective Hall viscosity
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ηH =
g2

γM
1

µ0H2 . (3.21)

The acoustic Faraday rotation that results from this viscosity is found
by inserting Equation 3.5 into the wave equation for propagating trans-
verse waves at frequency ω and wave vector k

ρω2u = k2
[

cT iηHω
−iηHω cT

]
u (3.22)

where cT is the shear modulus and u is the polarization vector. Solving
for the wave vectors we get k± = ρω2/(cT + ηHω) and for ηHω ≪ cT the
difference in wave vectors (and the Faraday rotation per unit length) is

Φ

L
=

k+ − k−
2

≈
ηH

2ρv3ω
2 (3.23)

which matches exactly with the high magnetic field, low frequency
limit of the Kittel model derived earlier. This expression is also di-
rectly analogous to the Faraday rotation derived starting from a long-
wavelength Hall viscosity in Balents.

Putting in the numbers from our ultrasound measurements of YIG into
Equation 3.5 we find, at an applied field of 250mT

ηH(250 mT) = 5 mPa · s, (3.24)

roughly the viscosity of room temperature water (or, more closely, of
liquid gold).

3.6 Thermal Hall effect of YIG

In addition to an acoustic Faraday effect, the Hall viscosity of phonons is
predicted to result in a thermal Hall effect. Though the acoustic Faraday
effect in YIG is well-characterized, there have been no measurements of
its thermal Hall conductivity. Therefore, to establish a quantitative link
between the acoustic Faraday rotation and the thermal Hall effect of YIG,
we perform measurements of its thermal Hall conductivity. We find no
detectable thermal Hall effect within our experimental resolution. Given
the magnetoelastic coupling we measure via the acoustic Faraday rotation,
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a simplified calculation of the thermal Hall conductivity of YIG suggests
that the thermal Hall angle is several orders of magnitude of the current
experimental resolution. This null result, however, is significant in the
context of thermal transport measurements in other magnetic insulators,
where the thermal Hall effect appears almost universal. The absence of
a thermal Hall effect in YIG may stem from its exceptionally high crystal
quality and low scattering rate.

To measure the themal Hall conductivity of YIG, we polish a thin Hall
bar from our [111] oriented cylinder. The dimensions of the Hall bar are
1.22 mm × 1.50 mm × 25 µm where the large lateral dimensions define a
face perpendicular to the [111] direction of the crystal. Mangetic field is
applied along the [111] direction and the heat current perpendicular to the
magnetic field. Because of the cubic symmetry of YIG, the longitudinal the
transverse thermal conductivities are isotropic and the precise orientation
of the heat current (and magnetic field) should not impact the results dra-
matically. All measurements were done using the DC steady state method,
stepping the temperature at fixed magnetic field (described in more detail
in methods).

The temperature dependence of the longitudinal thermal conductivity,
κxx, at several values of applied magnetic field is shown in Figure 3.11a.
The thermal conductivity rises from low temperature and exhibits a peak
of approximately 250 W/K·m at T ≈ 22 K in zero applied field. As the
applied magnetic field increases, the thermal conductivity is suppressed
by ∼10% at 18 T. The reduction in the thermal conductivity on application
of an external magnetic field is consistent with previous studies.

The simple low-energy magnon spectrum YIG offers a natural expla-
nation for its negative magnetothermal conductivity. Because of their low
damping, a significant fraction of the thermal conductivity of YIG is due
to magnons and, below 200 K, the thermal population of magnons is re-
stricted to the lowest energy acoustic branch at the gamma point (see Fig-
ure 3.2b). With a g-factor of 2, application of a magnetic field induces a gap
in the acoustic magnons of 1.34 K/T, reducing the number of thermally
populated states at a given temperature. At sufficiently low temperature
compared to the applied magnetic field, the thermal conductivity due to
magnons should be completely suppressed, and the remaining thermal
conductivity due mostly to phonons.

The results of the thermal Hall conductivity measurements are pre-
sented in Figure 3.12. A non-zero thermal Hall conductivity generates a
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a b

Figure 3.11: Longitudinal thermal conductivity of YIG: Measurement of
the temperature and magnetic field dependence of the longi-
tudinal thermal conductivity, κxx, of YIG. (a) Application of an
external magnetic field results in a gap in the magnon spec-
trum. The reduction of low energy heat carriers causes the
negative magnetothermal conductivity. Note, also, that the
scale of the longitudinal thermal conductivity makes mea-
surement of the thermal Hall effect challenging – large κxx

means that it is difficult to generate sizeable temperature gra-
dient across the sample. (b) The low temperature thermal
conductivity at zero applied magnetic field approximately fol-
lows a power law with exponent p = 2.2. Without attempting
to over-fit the data to a sum of two power laws, we note that
this exponent falls squarely between the T 3 behavior expected
of phonons and the T 3/2 expected for quadratic magnons.

transverse temperature difference, ∆Ty, across the sample that is antisym-
metric in applied magnetic field. We observe no transverse temperature
difference at an applied magnetic field of 2 T, 2.4 T, or 14 T between 3 K
and 15 K. Converted into a thermal Hall conductivity, κxy, we bound the
value κxy < 1 mW/K·m below 10 K.

It is possible that the thermal Hall conductivity of YIG is non-zero but
below our measurement sensitivity. The experimental noise floor of ∼ 100
µK is set primarily by the sensitivity and calibration of the thermome-
try. Our measurements at above 1 K would therefore benefit from using
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a b

Figure 3.12: Thermal Hall conductivity of YIG: The Hall viscosity that re-
sults in the acoustic Faraday rotation of YIG also generates a
thermal Hall effect. We measure the thermal Hall conductiv-
ity by detecting the odd in magnetic field transverse temper-
ature difference, ∆Ty, across the sample. (a) shows the mea-
sured transverse temperature drop, antisymmetrized in mag-
netic field, between 3 K and 15 K at three different values of
applied magnetic fields. We observe no signature of a ther-
mal Hall effect within the resolution of our thermometers. (b)
shows the temperature gradient from a converted to a thermal
Hall conductivity divided by temperature. The experiment
suggests that the thermal Hall conductivity κxy < 1 mW/K·m.
Our measurement suggests that the thermal Hall conductivity
of YIG is below current experimental resolution.

more sensitive Cernox 1050 thermometers, for example. In addition to in-
creasing our temperature sensitivity, a better upper bound on κxy would be
obtained by generating a larger longitudinal thermal gradient across the
sample. In this respect YIG is a difficult material to work with because
its longitudinal thermal conductivity is high enough that at experimen-
tally accessible levels of applied heat current, the resulting thermal gra-
dients are still small. For example, the longitudinal thermal conductivity
of La2CuO4, which exhibits a large thermal Hall effect, has more than ten
times less longitudinal thermal conductivity than YIG.

Figure 3.13 compares the thermal Hall angle |κxy/κxx| of YIG to a vari-



CHAPTER 3. HALL VISCOSITY AND THE ACOUSTIC FARADAY EFFECT OF YIG95

Figure 3.13: Comparison of the thermal Hall angle in magnetic oxides:
A thermal Hall effect has been detected in a wide range of
magnetic insulators. Here, we compare the maximum value
of the the thermal Hall angle κxy/κxx in four other magnetic
oxides, as well as α-RuCl3. Our measurement of κxy of YIG
places the thermal Hall angle nearly an order of magnitude
below other insulating oxides. This may be because of the
exceptionally high quality of YIG samples, with low disorder
suppressing extrinsic contributions to the thermal Hall effect.
The null result, however, is consistent with estimates of the
intrinsic thermal Hall conductivity due to the phonon Hall
viscosity of YIG, which suggest the intrinsic contribution is
orders of magnitude below the experimental resolution.
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ety of other insulating magnetic oxides with κxy , 0. The thermal Hall
angle of YIG lies an order of magnitude below other materials at similar
temperatures and applied magnetic fields. We include our measurements
performed at both large and small applied magnetic field, where the gap
in the spin wave spectrum is large and small compared to the tempera-
ture range of the measurement. An extrinsic thermal Hall effect due, for
instance, to scattering off magnetic impurities, would naively increase lin-
early with applied magnetic field. An intrinsic thermal Hall effect due
to hybridization of phonons with magnons, however, would only be ex-
pected if the thermal population of phonons extends past the spin wave
gap. We find no evidence of a thermal Hall effect in either of these regimes.
Estimates of the intrinsic contribution to the thermal Hall conductivity,
presented below, are consistent with our measurement. The lack of a high-
field thermal Hall effect may be due to the comparably high-quality of YIG
crystals, where growth has been refined over decades, compared to other
magnetic oxides.

3.7 Viscosity to phonon Berry curvature

In the modern literature, phonon Hall viscosity is related to thermal Hall
conductivity through the Berry curvature of phonons. The concept of
phonon Berry curvature, however, is a little ambiguous – what, exactly,
is the Berry curvature we are referring to in this context? In this section
we detail how, in the quantized version of models like Kittel’s, spin-lattice
coupling results in Berry curvature on the phonon bands. This phonon
Berry curvature is exactly analogous to the Berry curvature of Bloch elec-
trons.

We showed previously how, in the long wavelength limit, models with
coupled magnetic and lattice degrees of freedom like the Kittel model give
rise to phonon Hall viscosity. In that limit the phonon Lagrangian can be
written in terms of the atomic displacements u as

L =
ρ

2
u̇2 − uTĈu − u̇T η̂u, (3.25)

where Ĉ is the stiffness matrix (elastic moduli) and η̂ is the time-odd
antisymmetric viscosity. If we take for granted that we can make a “quan-
tum” theory of the same model by promoting u to a field operator, the
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Hamiltonian takes the generic form

H =
∑

k

Hk =
1
2

∑
k

(pk − η̂(k)uk)2

2ρ
+ u†kĈuk, (3.26)

where the viscosity plays the role of a vector potential in electromag-
netism.

To compute the Berry curvature we need wavefunctions. To that end,
we find the phonon creation operators a = u + ip which diagonalize the
Hamiltonian. The requires change of basis on the operators u and p that
both diagonalizes H and preserves the commutation relations of the mo-
mentum and position operators. We can encode the full set of commuta-
tion relation between all three components of the position and momentum
operators by writing zk = (uk, pk), so the commutation relations to preserve
are

[zk, z
†

k] = i
[

0 I
−I 0

]
≡ iJ. (3.27)

where I is the 3×3 identity matrix. The constraint on the change of
basis, S , then, is that the redefined operators z′ = (u′, p′) satisfy

[z′, z′†] = S [zk, z
†

k]S † = S (iJ)S † = iJ. (3.28)

In jargon, we want S unitary symplectic. The existence of such an S
that diagonalizes H is guaranteed by Williamson’s theorem. For the unini-
tiated, these particulars are not obviously necessary because, in the case of
“normal” phonons without viscosity, the block diagonal form of H can be
diagonalized by a block diagonal unitary matrix, imitating the solution of
a standard, second quantized system.

We can find the correct change of basis by solving the equation of mo-
tion

żk = i [zk,Hk] . (3.29)

For the Hamiltonian of viscous phonons, the equation of motion takes
the form

ωkzk = iJHkzk = i
[
−η̂/ρ I/ρ

−M̂ −η̂/ρ

]
zk (3.30)
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The complication is that the matrix we want to diagonalize is not Her-
mitian, which brings in some subtleties. First, care must be taken with
normalization. Using the usual ψ†i ψ j = δi j causes some problems since, for
an eigenstate with energy ωi, we would have ψ†i iJHψi = ωiδi j. But since
the left side is not Hermitian, there is no guarantee that ωi > 0 and this
normalization is not possible in general.

To fix this, consider multiplying the eigenvalue problem on the left by
ψ†i iJ. Using J2 = −I, we find

ψ†i Hψi = ωiψ
†

i iJψi. (3.31)

Since H is Hermitian and positive definite (because the phonon prob-
lem is supposed to be stable), Equation 3.7 provides a consistent normal-
ization as long as ψ†i iJψi has the same sign as ωi, and we can adopt

ψ†i iJψ j = δi jsign(ωi). (3.32)

In passing, mention that this normalization is very annoying to remem-
ber when doing perturbation theory – corrections to the state vectors of the
form ψ†j(iJ)Vψi/(ωi − ω j) carry the factor of sign(ωj).

Note that since H and iJ are both Hermitian, ωi is real. In addition, tak-
ing the conjugate of the equation of motion shows that if ψi has energy ωi,
then ψ∗i has energy −ωi. So the energies come in ±ωi pairs. Taken together,
this means the matrix of eigenvectors V satisfies the following

iJHM = VΩσz V†iJV = σz, (3.33)

where Ω is a block diagonal matrix with two copies of the phonon en-
ergies on the diagonal, and σz is the Pauli matrix. A little bit of arithmetic
shows that this allows us to diagonalize the Hamiltonian and while main-
taining the proper commutation relation using the change of basis S = MT
where

T =
1
√

2

[
1 i
1 −i

]
. (3.34)

Finally, we see that the phonon creation and annihilation operators,
â = (a, a†), for viscous phonons are proportional to the eigenstates of the
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equation of motion. Using the usual definition with a = u + ip, so that
â = T · (u, p) = Tz

H =
1
2

∑
k

z†Hkz =
1
2

∑
k

(VTz)†
[
Ωk 0
0 Ωk

]
(VTz) =

1
2

∑
k

(Vâ)†
[
Ωk 0
0 Ωk

]
(Vâ).

(3.35)
This, finally, motivates the definition of the phonon Berry curvature Ω

associated with the phonon band with energy ωi(k) presented, for exam-
ple, in Shi in terms of the eigenstates of the equation of motion

Ω = −Im

∂(ψ†i iJ)
∂k

×
∂ψi

∂k

 , (3.36)

exactly the same idea as for the Berry curvature of an electron band.
This Berry curvature, defined on the phonon bands in momentum space,
is distinct from strain Berry curvature, in which lattice strain is a tuning
parameter for the full electronic Hamiltonian of a material. This second
definition of Berry curvature, in fact, provides a more direct link to the
phonon Hall viscosity as detailed in later sections.

3.8 Thermal Hall conductivity – comparison
with a simple model

To model the low-energy dynamics of a material like YIG, we should put
the cubic stiffness matrix and the experimentally measured viscosities into
Equation 3.7. This is possible numerically, however, to obtain a reasonable
approximation, we will follow Balents and work with a simpler, isotropic
model that admits an analytic, perturbative solution in η̂. Because symme-
try dictates that the Hall viscosity of an isotropic system is zero an isotropic
model is not correct, but it’s a start.

For an isotropic medium, there are two degenerate transverse modes
and a single longitudinal mode irrespective of the phonon wave vector, q.
The stiffness matrix is

Ĉ = R̂(q)

cT q2 0 0
0 cT q2 0
0 0 cLq2

 R̂(q)T , (3.37)
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where cL and cT are the transverse and longitudinal elastic moduli, and
R̂(q) is the rotation matrix that takes the z-axis to q. The eigenvectors of
the unperturbed problem are those of

iJH0 = i
[
0 I/ρ

Ĉ 0

]
, (3.38)

which have energies ±vT and ±vL. The corrections due to the viscosity
are found using degenerate perturbation theory on the block diagonal

iJH1 = i
[
−η̂/ρ 0

0 η̂/ρ

]
. (3.39)

At this point we need an expression for η̂(k). Because the thermal Hall
conductivity will involve states up to energy kBT , much larger than the
phonon energies we probe with ultrasound in an acoustic Faraday effect
measurement, we must modify the long-wavelength viscosity in the Kittel
model presented earlier. We find the momentum dependence of the Hall
viscosity in the Kittel model by keeping the gradient terms in the magne-
tization (which we threw away previously).

Using the Kittel model assumption that the magnetization dynamics
are completely isotropic and that the direction of the magnetization is
along the applied magnetic field, we can find the momentum-dependent
viscosity when the field is applied along the z-axis. This amounts to
changing β in Equation 3.5 to β + Ak2/2M2. We can write the viscos-
ity in terms of the gap in the magnon spectrum in units of momentum,
∆ =

√
HM/A as

ηH(k) =
g2M
µ0γA2

1
(∆2 + k2)2 ≡

η̃

(∆2 + k2)2 . (3.40)

After carrying out the perturbation theory we find the z component of
the Berry curvature of the longitudinal branch and of each of the trans-
verse bands, Ωz,L and Ωz,T , to linear order in η̃

Ωz,L = η̃
3v2

L + v2
T

ρvL(v2
L − v2

T )
cos2(θ)[−3k2 + ∆2 + (7k2 + 3∆2) cos(2θ)]

k(k2 + ∆2)2

Ωz,T = −η̃
v2

L + 3v2
T

ρvT (v2
L − v2

T )
cos2(θ)[−3k2 + ∆2 + (7k2 + 3∆2) cos(2θ)]

k(k2 + ∆2)2 ,

(3.41)
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where θ is the angle between k and the z-axis, and vL =
√

c11/ρ and
vT =

√
c44/ρ are the longitudinal and transverse sound velocities keeping

in mind that we are ignoring the cubic anisotropy of the lattice, so there
are only two speeds of sound. Note that the sign of the Berry curvature on
the longitudinal and transverse branches has opposite sign, and there will
be competition between the two.

To estimate the thermal Hall conductivity from the Berry curvature, we
employ the result presented in Shi et al which

κxy

T
=

1
ℏT 2

∫
dEE2σ(E)

dnBE

dE
=

k2
B

ℏ

∫
dx

x2ex

(ex − 1)2σ(kBT x), (3.42)

where σ(E) counts the Berry curvature contribution from states with
energy less than E from each phonon band i

σ(E) =
∑

i

∫
d3q

(2π)3Ωz,iΘ(E − E(q)). (3.43)

For the Berry curvature in the Kittel model, Equation 3.8, the integral
σ(E) ends up being simple to evaluate. Up to coefficients that are functions
of the phonon velocities and the material density, the result is a function
of the energy ℏvs∆where vs is the speed of sound on that branch

σ(E) =
4E2

15(1 + E2)2 , (3.44)

from which we can see that the thermal Hall conductivity κxy/T ∼ T 2 at
low temperature, in agreement with the results in Shi and Balents.

The thermal Hall conductivity, Equation 3.8 can be evaluated numeri-
cally using the measured material parameters of YIG. The result is valid in
the limit where the temperature is small compared to the magnon gap of
YIG. Since the g-factor of YIG is almost exactly 2, this restricts the range of
validity of the model at an applied magnetic field of 2 T to T ≪ 2 K. At an
applied magnetic field of 2 T, we find the maximum value of the intrinsic
thermal Hall conductivity (within the realm of validity of this model) is
on the order of 10 nW/K·m – four orders of magnitude below our mea-
surement’s sensitivity. Though somewhat discouraging, this is certainly
consistent with the null result of the experiment.
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Figure 3.14: Calculating the thermal Hall conductivity of YIG: Plot of the
temperature dependence of the intrinsic thermal Hall conduc-
tivity of YIG due to phonon Hall viscosity, ηH. The black curve
is the Hall conductivity calculated using the Berry curvature
formalism presented in Shi et al. The red curve is an estimate
based on the acoustic energy flux, where the Hall conductiv-
ity is proportional to the specific heat, C, as presented in sec-
tion 4.4. Using the Hall viscosity determined by the acoustic
Faraday rotation measurement, both estimates predict a mag-
nitude of κxy on the order of 10nW/K·m in an applied mag-
netic field of 2 T. The calculation is in agreement with the null
result of the experiment.
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3.9 Wrapping up and Next steps

In this section, we measured the acoustic Faraday rotation of YIG, estab-
lishing a set of experiments to isolate the time-odd, phonon Hall viscosity.
The Faraday rotation is detected by measuring acoustic power transmitted
between two shear-polarized piezoelectric transducers with polarizations
misaligned by forty-five degrees. Misaligning the transducer polarization
allows us to distinguish clockwise from counterclockwise polarization ro-
tation, and the Hall viscosity appears as an antisymmetric in field compo-
nent in the amplitude.

In YIG, the relatively large magnitude of the magnetoelastic coupling
combined with the availability of large, high-quality crystals makes the
Faraday rotation especially straightforward to measure. Interpreting our
Faraday rotation data using the model of coupled magnetic and lattice de-
grees of freedom due to Kittel, we determined the Hall viscosity of YIG to
be ηH = 5 mPa·s in an applied magnetic field of 250mT. Independent of the
microscopic mechanism underlying the Faraday rotation, the transmission
experiment we validated in YIG will enable us to extend measurements of
the Hall viscosity to other materials in which the viscosity is smaller or the
material only grows in thin flakes.

Because phonon Hall viscosity is also predicted to result in an intrinsic
thermal Hall effect, we measured the thermal Hall conductivity of YIG,
finding no thermal Hall effect within experimental resolution. We put a
bound on the thermal Hall angle of YIG, κxy/κxx < 10−4. This contrasts with
other insulating magnetic oxides, where Hall angles greater than 10−3 have
been reported. The lack of a thermal Hall effect may reflect the intrinsically
low scattering rate of high-purity YIG.

The absence of a thermal Hall effect in YIG, however, is consistent with
calculations of κxy due to the Berry curvature of phonons. Given the Hall
viscosity we measure in the Faraday rotation experiment, we estimate an
intrinsic thermal Hall effect of approximately 10 nW/K·m, well below our
experimental resolution. Though this does not bode well for making a
quantitative, experimental link between phonon Hall viscosity and ther-
mal Hall conductivity in YIG, there are other avenues for further experi-
ments.

The magnetostriction of the related compound, Dy3Fe5O12, is known
to be nearly two orders of magnitude larger than that of YIG. [94] Naively,
because the thermal Hall conductivity is proportional to the square of the



CHAPTER 3. HALL VISCOSITY AND THE ACOUSTIC FARADAY EFFECT OF YIG104

magnetoelastic coupling, this should bring the thermal Hall conductivity
above the experimental noise floor. However, the magnon spectrum of
stoichiometric Dy3Fe5O12 no longer supports low-energy excitations that
would couple strongly to gigahertz frequency ultrasound – what you gain
in κxy you lose in Faraday rotation. [95, 96] Dy-doped YIG may provide
a middle ground in which both the magnetoelastic coupling is amplified
and the Faraday effect remains large. [97]



Chapter 4

Phonon Hall viscosity and the
Intrinsic thermal Hall effect of
α-RuCl3

This chapter appears as a paper of the same title, authored by me, Ezekiel
Horsley, Subin Kim, Young-June Kim, and B.J. Ramshaw. [98]

The thermal Hall effect has been observed in a wide variety of magnetic
insulators, yet its origin remains controversial. While some studies at-
tribute it to intrinsic origins—such as heat carriers with Berry curvature—
others propose extrinsic origins—such as heat carriers scattering off crys-
tal defects. Even the nature of the heat carriers is unknown: magnons,
phonons, and fractionalized spin excitations have all been proposed.
These questions are significant for the study of quantum spin liquids and
are particularly relevant for α-RuCl3, where a quantized thermal Hall ef-
fect has been attributed to Majorana edge modes. Here, we use ultra-
sonic measurements of the acoustic Faraday effect to demonstrate that the
phonons in α-RuCl3 have Hall viscosity—a non-dissipative viscosity that
rotates phonon polarizations and deflects phonon heat currents. We show
that phonon Hall viscosity produces an intrinsic thermal Hall effect that
quantitatively accounts for a significant fraction of the measured thermal
Hall effect in α-RuCl3. More broadly, we demonstrate that the acoustic
Faraday effect is a powerful tool for detecting phonon Hall viscosity and
the associated phonon Berry curvature, offering a new way to uncover and
study exotic states of matter that elude conventional experiments.

105
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4.1 Introduction

Thermal transport has emerged as the dominant technique in the search
for exotic, charge-neutral quasiparticles [99, 100]. The observation of a
thermal Hall effect—where a temperature gradient builds up perpendic-
ular to both a magnetic field and a heat current—has been used as ev-
idence for fractionalized spin excitations in quantum magnets such as
Tb2Ti2O7 [101], α-RuCl3 [102, 103], and several Kagome antiferromag-
nets [104, 105, 106]. Central to these claims is the assumption that phonons
do not themselves generate a thermal Hall effect. This is a reasonable
assumption, as phonons carry neither electric charge nor spin and thus
should not interact directly with magnetic fields.

This assumption has recently been called into question due to the dis-
covery of relatively large thermal Hall effects in conventional antiferro-
magnets that are unlikely to host spinons [107, 108, 109], as well as in
non-magnetic insulators where phonons are the only heat carrier [110, 111,
112]. This suggests that phonons may be responsible for the thermal Hall
effect in at least a subset of these materials.

How can phonons generate a thermal Hall effect? Intrinsic mecha-
nisms invoke phonon Berry curvature [113, 114, 115, 116], whereas ex-
trinsic mechanisms invoke phonon skew scattering [117, 118, 119]. While
a large number of theoretical proposals have been put forward [113, 114,
115, 116, 117, 118, 119, 120, 121, 122], the only experimental probe thus far
has been thermal transport—applying heat currents and measuring the re-
sultant temperature gradients. A key limitation of thermal transport is its
inability to distinguish between intrinsic and extrinsic mechanisms, and
this has made it difficult to distinguish between proposed origins at even
a coarse level.

Here, we take advantage of the fact that phonon Berry curvature not
only causes an intrinsic thermal Hall effect, but also generates a dis-
sipationless viscous force known as phonon Hall viscosity [123, 124].
Phonon Hall viscosity rotates the polarization of transverse-polarized
phonons as they propagate (see Figure 4.1). This is called the acous-
tic Faraday effect and is analogous to how the optical Faraday effect ro-
tates the polarization of light. Where thermal transport measurements
use phase-incoherent heat currents, acoustic Faraday measurements use
phase-coherent phonons that are only sensitive to intrinsic effects and not
to phase-incoherent scattering.
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We measure the acoustic Faraday effect in α-RuCl3 and extract the
phonon Hall viscosity. We find that the Hall viscosity is peaked near the
magnetic phase boundary where the thermal Hall effect is maximized. The
existence of phonon Hall viscosity in α-RuCl3 suggests a non-zero phonon
contribution to the thermal Hall effect, challenging interpretations of the
thermal Hall effect solely in terms of Majorana fermions [125, 102, 126] or
other fractionalized spin excitations [103]. We suggest that phonons ac-
quire Hall viscosity in α-RuCl3 by coupling to spin excitations. This gen-
eral mechanism is likely responsible for the unusual thermal Hall effects
reported in many other magnetic insulators.

4.2 Results

4.2.1 Measuring the acoustic Faraday effect

We first describe how phonon Hall viscosity alters sound propagation in
solids, giving rise to the acoustic Faraday effect. In general, three dimen-
sional solids have three distinct speeds of sound for waves propagating
along any given direction. In crystals with high enough symmetry, and
for high-symmetry propagation directions, the two transverse modes—
modes with their polarization vector of atomic displacement perpendicu-
lar to their propagation vector—become degenerate, with the same speed
of sound. This is the case for sound propagating along the c axis of α-
RuCl3. The degeneracy between the two modes is lifted by Hall viscos-
ity, which can arise, for example, through spin-lattice coupling. As a
result, the left- and right-circularly polarized combinations of the trans-
verse modes then propagate at different speeds, giving rise to an acoustic
Faraday effect (see Figure 4.1). This phenomenon is well documented in
materials like yttrium iron garnet (YIG) and Cr2O3, where it arises from
hybridzation between acoustic phonons and magnons [127, 128, 129]; in
Tb3Ga5O12, where it arises from coupling between acoustic and optical
phonons [130] and which also has a phonon thermal Hall effect [131]; in
CeAl2 and Ni-doped MgO, where it arises from crystal field splitting [132,
133]; and in superfluid 3He-B, where it emerges due to the shear stiffness
of the Fermi liquid [134].

The acoustic Faraday effect is measured by generating linearly polar-
ized, transverse sound waves using shear-polarized piezoelectric trans-
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Thermal Hall Acoustic Faraday

Figure 4.1: The thermal Hall and acoustic Faraday effects, and how they
are related. Applying a magnetic field B parallel to z breaks
time reversal symmetry and allows for both phonon Berry cur-
vature, Ωxzyz, and phonon Hall viscosity, ηxzyz. Phonon Hall vis-
cosity can be thought of as a long-wavelength manifestation
of the microscopic Berry curvature—the double-headed arrow
indicates that these two quantities are equivalent [123, 124].
On application of a temperature gradient along x (indicated by
the red-blue color gradient), phonon Berry curvature deflects
phonons carrying heat along x and generates a heat current
along y (the dashed line indicates the trajectory of a phonon in
the presence of Berry curvature). Similarly, the polarization of
acoustic phonons traveling along z rotates at a rate that is pro-
portional to the Hall viscosity (Φ indicates the angle of the po-
larization away from the x axis, and the dashed line indicates
the path of the polarization vector as the phonon propagates
along z).
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ducers attached to a sample (see Figure 4.2a). A radio-frequency voltage
pulse actuates the piezoelectric transducer, generating a sound wave that
travels through the sample, and is detected by a second shear-polarized
piezoelectric transducer. The amplitude of sound detected by the receive
transducer depends on the strength of Faraday rotation, which rotates the
polarization of the incoming wave: the amplitude is maximum when the
sound wave’s polarization aligns with the traducer’s polarization, and
minimum when they are perpendicular. In general, varying the external
magnetic field changes the Hall viscosity, which modifies the amount of
Faraday rotation and, consequently, the amplitude of sound detected by
the receive transducer.

One complication is that the amplitude of sound detected by the re-
ceive transducer depends not only on the amount of Faraday rotation, but
also on sound attenuation. The attenuation can vary significantly with
magnetic field, especially near a magnetic phase transition. This is partic-
ularly relevant for α-RuCl3, where a spin-liquid state has been proposed
near the critical field where long-range magnetic order is suppressed (≈8
tesla for in-plane magnetic fields, see Figure 4.2b). Importantly for our
experiment, sound attenuation is an even function of magnetic field—it
depends on only the magnitude of the magnetic field, and not on the
sign. In contrast, the acoustic Faraday effect is an odd function of mag-
netic field, changing sign with field reversal. To isolate the Faraday con-
tribution, we measure the received sound amplitude for both positive and
negative magnetic fields and then antisymmetrize the data. To address
the limitation that a traditional pulse-echo reflection experiment cannot
distinguish right-handed from left-handed rotations, we rotated the po-
larization of the receive transducer 45◦ with respect to that of the drive
transducer (see Figure 4.2a). This configuration also enables an important
experimental check: the field-antisymmetrized signal should switch sign
when the sound propagation direction is reversed by swapping the drive
and receive transducers.

Single-crystal samples of α-RuCl3 were grown using the methods de-
scribed in Kim et al. [138]. We select large single crystals with roughly
parallel faces perpendicular to the c axis. We remove material by cleaving
the sample until we produce two pristine, parallel faces, with overlapping
area and no visible stacking faults. On two opposite c-axis faces, we sput-
ter platinum bottom electrodes with titanium adhesion layers, followed by
1 µm thick, ZnO, mixed-mode (shear and longitudinal) piezoelectric trans-
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a b
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Figure 4.2: Experimental geometry and sample characterization. a, A
piezoelectric drive transducer (upper red circle) sends a pulse
of traverse sound (red line) along the c axis of a single-crystal
α-RuCl3 sample (indicated schematically by the honeycomb).
The pulse is detected by a second, receive transducer (lower
red circle) polarized 45◦ relative to the drive transducer. b,
Schematic temperature-field phase diagram of α-RuCl3 for dif-
ferent field orientations. The inset shows that θ is defined as
the angle between the magnetic field B and the c axis (i.e. rota-
tion is in the bc plane). We show the phase boundary for field
along the b axis (θ = 90◦, sold line), field along the c axis (θ = 0◦,
short dashed line), and field 45◦ between the b and c axes (long
dashed line). c, The relative change in sound velocity as a func-
tion of temperature across the ordering temperature of TN = 7.5
K. The sample exhibits a single magnetic phase transition, with
no features near 14 K that would indicate a secondary struc-
tural and magnetic phase [135, 136]. d, The relative change in
sound velocity as a function of magnetic field across the critical
field of Bc = 8 T for B||b, Bc = 10 T for θ = 45◦, and for B||c the
sample remains in the ordered phase up to 12 tesla. The single
phase transition indicates that the field is well-aligned with the
b axis [137].
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ducers, followed by platinum top electrodes on titanium adhesion layers.
We excite the drive transducer using 50 ns bursts of ≈ 1.5 GHz radiofre-
quency voltage, amplify the signal detected at the receive transducer, and
digitize it on an oscilloscope. We extract the amplitude and phase of the
received signal using digital lockin. Further experimental details can be
found in the Methods. The high quality of our samples is demonstrated
by their single phase transition above 7 kelvin in zero magnetic field (Fig-
ure 4.2c), with no additional phase transitions at higher temperatures.

4.2.2 The acoustic Faraday effect of α-RuCl3 for B||c

We first show data taken at 2 kelvin as a function of magnetic field from
zero to 12 tesla applied along the c axis. In this configuration, the critical
field to suppress magnetic order is over 30 tesla [141, 142], and the entire
measurement is deep within the ordered antiferromagnetic state. This al-
lows us to first demonstrate the acoustic Faraday effect in α-RuCl3 without
the additional complication of the magnetic phase transition (this configu-
ration also has a thermal Hall effect, see Le Francois et al. [143]). Figure 4.3a
shows the amplitude of transmitted sound as a function of time at a fixed
field of B = 10 T along the c-axis and in the magnetically ordered state
at T = 2 K. The mixed-mode transducers generate and detect both lon-
gitudinal and transverse sound waves, which travel at different speeds.
The longitudinal and transverse modes are visible as distinct pulses in the
time-series data, and we use both to validate our experimental method.
Figure 4.3b (c) shows data that have been symmetrized (antisymmetrized)
in magnetic field. Antisymmetrization completely removes the longitudi-
nal signal, whereas transverse signal remains. This is consistent with the
transverse signal arising due to the acoustic Faraday effect.

Figure 4.3d shows the amplitude of the transverse signal (at t = ttrans.) as
a function of magnetic field for both positive and negative field directions
(±B), and panel e shows the same but for the opposite sound propagation
direction. The asymmetry between +B and −B switches sign when the
sound propagation direction k is switched to −k (by swapping the drive
and receive cables at the top of the cryostat). The change in sign of the an-
tisymmetric signal when changing k to −k, the fact that the antisymmetric
signal is non-zero only for transverse sound, and the vanishing of the anti-
symmetric signal at zero magnetic field, all confirm that the antisymmetric
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Figure 4.3: Isolating the acoustic Faraday effect. a, The raw signal de-
tected using the setup shown in Figure 4.2a, for B||c = 10 T
and T = 2 K. Longitudinal and transverse pulses are identi-
fied based on their known speeds of sound [139, 140]. The first
longitudinal pulse arrives at tlong, with echoes of this signal ar-
riving at 3tlong and 5tlong. The transverse pulse arrives at ttrans

and is clearly separated in the time domain from the longitu-
dinal signal. b, The field-symmetrized data show all longitu-
dinal and transverse signals from 0 to 12 tesla. c, The field-
antisymmetrized data contains only transverse signal because
the Faraday effect rotates the transverse sound polarization in
opposite directions for ±B, whereas it cannot rotate longitudi-
nal polarization. d, The amplitude of transverse sound, nor-
malized to its zero-field value, as a function of magnetic field
for B||c at T = 2 K. The magnetic field suppresses the ampli-
tude more for positive field than for negative field. e, This be-
haviour switches when the propagation direction is switched,
as expected for a Faraday effect. f, The field-antisymmetrized
amplitude for both propagation directions. The transverse sig-
nal shows the characteristics of a Faraday effect, going to zero
at B = 0, and switching sign when k → −k. The longitudi-
nal signal, in contrast, is zero at all fields for both propagation
directions.
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signal is caused by the acoustic Faraday effect.
Having demonstrated that our procedure isolates the acoustic Faraday

effect, we perform similar measurements in other experimental configura-
tions: 1) we measure at temperatures up to 40 kelvin to test whether the
Faraday effect is confined to the ordered state below 7 kelvin; 2) we mea-
sure with the magnetic field rotated 55◦ away from the c axis towards the
b axis to determine how crossing the magnetic phase boundary affects the
Faraday rotation; 3) we measure with magnetic field purely in the hon-
eycomb plane to ensure that the Faraday signal disappears in this config-
uration; 4) we measure two additional samples of different thicknesses to
ensure reproducibility; 5) we measure at additional ultrasonic frequencies.
Data sets from (1) and (2) are analyzed below to extract the Hall viscosity
of α-RuCl3. Data sets from (3), (4), and (5) are shown in the Extended Data.

4.2.3 Extracting the Hall viscosity of α-RuCl3

We now extract the phonon Hall viscosity by modeling our acoustic Fara-
day data using the elastic wave equation with viscous contributions in-
cluded. The relationship between stress, σ, and strain, ε, in a solid—
Hooke’s law—is modified at finite frequency by introducing the viscosity
tensor η̂:

σi j = ci jklεkl + ηi jklε̇kl, (4.1)

where ĉ is the elastic tensor and ε̇ is the time derivative of strain. While the
most familiar viscosity components are dissipative, time-reversal symme-
try breaking—either intrinsic or from an applied magnetic field—allows
for additional, non-dissipative “Hall” viscosities. A magnetic field compo-
nent along the c axis of α-RuCl3 activates the viscosity component ηxzyz.

When incorporated into the elastic wave equation, this viscosity cou-
ples transverse waves polarized along y to transverse waves polarized
along x for waves propagating along the z direction. This coupling rotates
linearly polarized transverse waves and produces an acoustic Faraday ef-
fect. Note that ηxzyz is allowed as long as there is any component of field
along c. Other Hall viscosities are allowed when other field components
are present—see Methods for a full symmetry analysis of the allowed Hall
viscosities. The wave equation with Hall viscosity included is

ρω2u⃗ = k2
[

cxzxz iωηxzyz

−iωηxzyz cyzyz

]
u⃗, (4.2)
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where ρ is the material density, ω is the sound frequency, u⃗ is the sound
polarization vector, k is the sound wavenumber, and cxzxz ≡ c55 and cyzyz ≡

c44 are elastic constants.
Figure 4.4a and c show the antisymmetrized Faraday rotation data

taken with B||c and B rotated 55◦ toward b, respectively. Both data sets are
taken at 2 kelvin: the B||c data is entirely in the magnetically ordered state,
whereas the θ = 55◦ data crosses the antiferromagnetic-to-paramagnetic
transition at Bc = 8.5 T.

For B||c, c44 = c55 and we measure this elastic constant independently
using the time-of-flight between echoes (see Figure 4.3a). The Hall viscos-
ity ηxzyz is the only unknown in Equation 4.2 and is therefore directly deter-
mined by the antisymmetric amplitude (recall that field-symmetric changes
in amplitude are removed through the antisymmetrization procedure).

When the magnetic field is rotated away from the c axis, the symmetry
of the lattice is broken and c44 is no longer equal to c55—an effect known as
acoustic birefringence. Even though acoustic birefringence is even in mag-
netic field, it cannot be removed entirely through antisymmetrization in
the presence of Hall viscosity. This likely produces the sharp spike in the
antisymmetric signal just above Bc in Figure 4.4c, where the acoustic bire-
fringence is largest. Because the effects of birefringence are difficult to
disentangle from the viscous contribution near Bc, we exclude this nar-
row field region from the analysis. Note that birefringence alone cannot
produce an antisymmetric signal; field-antisymmetric signals require Hall
viscosity.

Figure 4.4b and d show the phonon Hall viscosity extracted from the
antisymmetric data using Equation 4.2. For B||c, the Hall viscosity in-
creases continuously as a function of magnetic field up to ηxzyz = 0.03 mPa·s
at 12 T. For θ = 55◦, the Hall viscosity peaks just above the critical field of
8.5 T, reaching a value of approximately 0.013 mPa·s.

4.2.4 Comparison to the thermal Hall effect

How do our measurements of phonon Hall viscosity relate to the thermal
Hall effect in α-RuCl3? The Hall viscosity can be interpreted in two ways.
In an acoustic Faraday experiment with magnetic field along z, ηzxzy mixes
a sound wave propagating along z and polarized along x with a sound
wave propagating along z and polarized along y. In a thermal transport
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Figure 4.4: The phonon Hall viscosity of α-RuCl3. a, The field-
antisymmetrized Faraday signal normalized to the total zero-
field signal, as a function of magnetic field for B||c, at T = 2 K,
for ±k. b, The Hall viscosity extracted from the antisymmet-
ric signal using Equation 4.2. The solid line is a guide to the
eye. Panels c and d show the same data and analysis, but for
magnetic field rotated 55◦ toward the b axis. The sharp feature
slightly above Bc in panel c is likely a result of the small abso-
lute signal size and the rapid change in speed of sound near
this field. We have truncated this feature from the viscosity in
panel d.
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experiment with magnetic field along z, ηxzyz takes phonon heat flow along
x and deflects it to heat flow along y. By symmetry, ηzxzy = ηxzyz, and thus
our observation of phonon Hall viscosity suggests that phonons contribute
to the thermal Hall effect in α-RuCl3.

We can estimate the phonon contribution to the thermal Hall effect us-
ing our measurement of ηxzyz and the equations for acoustic energy trans-
port in the presence of Hall viscosity—a detailed derivation is given in the
Methods. The result is that Hall viscosity produces a thermal Hall conduc-
tivity: κxy =

ηxzyz

ρ
C, where ρ and C are α-RuCl3’s density and specific heat,

respectively. Note that the phonon Hall conductivity is independent of the
phonon mean free path—it is intrinsic. The Hall conductivity can be com-
pared with the longitudinal thermal conductivity: κxx = vslC, where vs is
the average speed of sound and l is the phonon mean free path. The ratio
of phonon Hall to phonon longitudinal thermal conductivities is then

κxy

κxx
=
ηxzyz

ρvsl
=

C
κxx

ηxzyz

ρ
. (4.3)

Using our measured value of ηxzyz = 1.3 × 10−5 Pa·s, and the measured
values of κxx and the specific heat at 10 K with B||c [143, 144], we estimate
κxy/κxx = 10−4—only a factor of 4 smaller than what is observed in thermal
transport experiments under the same conditions by LeFrancois et al. [143].
Note that this estimate is a lower bound on the total phonon contribution
to κxy: the full κxy will receive contributions from all three acoustic branches
(here was have only accounted for one), and from all 4 viscosity tensor el-
ements that are allowed for this magnetic field orientation (e.g. ηxyxz, etc.)
There is no reason to expect that the different viscosities are substantially
different, and first-principles calculations by Dhakal et al. indeed suggest
they are all similar in magnitude [145]. In addition, finite Hall viscosity en-
ables phonon side-jump scattering that will also contribute to κxy. Thus the
total κxy contribution from phonon Hall viscosity could easily be a factor
of 10 larger than what we estimate here.

Next, we analyze the temperature dependence of the Hall viscosity for
B||c. Figure 4.5a shows that, aside from a sharp drop near the magnetic
phase transition at 7.5 K, the Hall viscosity is only weakly temperature
dependent up to 40 kelvin. This clearly demonstrates that phonon Hall
viscosity in α-RuCl3 is not due to the coherent hybridization of acoustic
phonons and magnons into chiral “magnetopolarons” [127]—the conven-
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tional mechanism of the acoustic Faraday effect. We can compare the tem-
perature dependence of the Hall viscosity to the thermal Hall effect by
plotting ηxzyz alongside ρκxy/C, which has units of viscosity. These quanti-
ties are the same order of magnitude and have qualitatively similar tem-
perature dependencies: both showing minima near TN and extending to
temperatures much greater than TN. The drop in ηxzyz near TN may be
intrinsic, or it may be due to strong phonon scattering due to thermal
fluctuations of the order parameter at the antiferromagnetic phase transi-
tion. Although ηxzyz itself does not depend on the phonon mean free path,
our ability to measure it does when the mean free path of our ultrasonic
phonons becomes much shorter than the sample size, which happens near
TN.

Finally, in Figure 4.5b we compare the magnetic field dependence of
the Hall viscosity at θ = 55◦ to the field dependence of the thermal Hall
effect measured with magnetic field purely along the a axis. Both quanti-
ties begin to rise above 5 tesla and are peaked above the critical field where
long-range order is suppressed. As both the static spin susceptibility and
inelastic neutron scattering show that the magnetic state becomes soft at
Bc [146, 147], this suggests that the phonon Hall viscosity originates from
coupling between phonons and the spin degrees of freedom. Note that
the thermal Hall effect in this field configuration—with B||a—is sensitive
to many more viscosity tensor elements than the Faraday effect is: our
measurement always probes ηxzyz, whereas κxy for B||a is sensitive to ηxzxy,
ηxyxx, ηyzxx, ηyyyz and ηyyxz. Thus, a direct quantitative comparison between
these two quantities is not valid for this field orientation; the purpose of
Figure 4.5b is to show that both quantities are sensitive to the proximity of
the critical field where order is suppressed. Also note that, while crystal
symmetry constrains κxy to be zero when the magnetic field purely along
b, the same symmetry argument does not require all viscosity components
to vanish for this field orientation (this is discussed further in Dhakal et
al. [145]).

4.3 Discussion

Having shown that phonons can account for a significant fraction—if not
all—of the observed thermal Hall effect in α-RuCl3, we turn to the question
of why the phonons in α-RuCl3 have Hall viscosity. As noted above, the
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a b

Figure 4.5: Temperature and field dependence of the phonon Hall vis-
cosity. a, The phonon Hall viscosity as a function of tempera-
ture for B||c = 12 T. Blue circles are measured data points, and
the blue line is a guide to the eye. The quantity ρκxy/C, calcu-
lated using κxy from LeFrancois et al. [143] and C from Widman
et al. [148], is plotted in red for comparison. b, The phonon Hall
viscosity measured with B rotated 55◦ from c toward b, plotted
as a function of in-plane magnetic field at T = 2 K. The κxy data
are measured with B||a and are taken from Czajka et al. [149].

observation of Hall viscosity at temperatures well above the antiferromag-
netic phase transition rules out the conventional mechanism of magnon-
phonon hybridization [127]. Indeed, neutron scattering finds a broad con-
tinuum of excitations at low energy and momentum rather than distinct,
sharp magnon bands [150, 151].

Can incoherent magnetic excitations produce phonon Hall viscosity?
Strong spin-lattice coupling is clearly present in α-RuCl3, as evidenced by
the large changes in sound velocity at TN and Bc (Figure 4.2 and Haus-
purg et al. [139]), which are two orders of magnitude larger than those
typically seen at superconducting phase transitions [152, 153]. Dhakal et
al. [145] used a first-principles based approach to calculate the microscopic
spin-lattice couplings in α-RuCl3, and they demonstrated that the resultant
phonon Hall viscosities can account for the full magnitude of the mea-
sured thermal Hall effect. Although they use a two-dimensional model
that does not access the same viscosity component that we do in our ex-
periment (ηxzyz), they find that all five in-plane viscosity components are
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the same order of magnitude—and, strikingly, the same order of magni-
tude as the value we measure for ηxzyz. Our measurements therefore pro-
vide experimental evidence that the phonon Hall viscosity in α-RuCl3 is in-
deed large enough to account for the thermal Hall effect, calling into ques-
tion the existence of a quantized contribution from Majorana edge modes.
Phonon Hall viscosity also likely explains the unusual thermal Hall effects
found in many other magnetic insulators. However, non-magnetic mate-
rials, such as SrTiO3, likely require a different mechanism.

Beyond clarifying the origin of the thermal Hall effect in α-RuCl3,
our measurements provide a direct experimental link between phonon
Hall viscosity and phonon Berry curvature—connecting two concepts that
have, until now, remained largely theoretical [123, 124, 115, 114, 116].
Conventionally, viscosity is thought of as a long-wavelength property of
sound, whereas Berry curvature is associated with the microscopic wave
functions of phonons. The connection between phonon Hall viscosity and
Berry curvature can be demonstrated by examining how the Hamiltonian
of the system,H , changes under an applied strain: ∂H

∂εi j
. The stress of a state

|Ψ⟩ is the expectation value of this derivative: σi j =

〈
Ψ

∣∣∣∣ ∂H∂εi j

∣∣∣∣Ψ〉
. If the state

of the system varies trivially with strain, then this reduces to the classical
definition of stress: σi j = ∂E/∂εi j ≡ ci jklεkl, where E is the state’s energy.
If, however, the system gains a geometric phase when traversing a path in
strain space, then the expectation value acquires Berry curvature,

σi j = ci jklεkl + Ωi jklε̇kl, (4.4)

where the full expression for Ωi jkl in terms of strain is given by Avron et
al. [123]. This expression can be compared to Equation 4.1,

σi j = ci jklεkl + ηi jklε̇kl,

making the correspondence between Ωi jkl and ηi jkl clear. It can be helpful
to interpret Ωi jkl as a “real-space” Berry curvature—it gives rise to a geo-
metric phase when the crystal lattice is moved around a closed loop by an
oscillating strain, such as the one created by a sound wave. This is analo-
gous to the “momentum-space” Berry curvature of Bloch electrons, which
gain geometric phases when traversing closed paths in momentum space.
Where Bloch electrons experience a non-dissipative force from Berry cur-
vature that leads to the anomalous Hall effect, the lattice (i.e. phonons
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and sound waves) experiences a non-dissipative Hall viscosity that leads
to the thermal Hall and acoustic Faraday effects.

In general, a variety of mechanisms can generate phonon Berry curva-
ture and Hall viscosity. For example, electron-phonon coupling can gener-
ate phonon Berry curvature and Hall viscosity in quantum Hall systems,
topological insulators, and topological superconductors [124]. Similarly
for spin-lattice coupling in chiral spin liquids [114]. Thus, our measure-
ments do not rule out the possibility of spinon excitations in α-RuCl3. They
do, however, require that phonons account for at least a significant frac-
tion of the thermal Hall effect. More generally, we have demonstrated that
the acoustic Faraday effect is a direct probe of phonon Hall viscosity or,
equivalently, phonon Berry curvature. Because phonon Hall viscosity is
a property of many exotic phases, including topological superconductors
and 3D quantum Hall states, acoustic Faraday rotation measurements will
be a valuable tool for discovering and characterizing these states of matter.

4.4 Heat flux in the presence of Hall viscosity:
semiclassical estimate of the thermal Hall
conductivity

To estimate the intrinsic contribution to the thermal Hall effect due to
Hall viscosity, we consider the transverse energy flux generated by ther-
mal phonons. Thermally generated stress at frequency ω, σ(ω), carries an
acoustic energy current

ji = Re[σi j(ω)u̇ j] = Re[
(
ci jklεi j + ηi jklε̇kl

)
u̇ j], (4.5)

where u̇ is the time derivative of displacements due to the stress. [154]
Longitudinal thermal transport occurs because temperature gradients pro-
duce gradients in the amplitude (energy occupations) of thermal phonons.
For example, if we consider z polarized thermal strains propagating in the
x-direction with wave vector qx, so that u = uz(x)ei(ωt−qx x), there is a contri-
bution to the energy flux

jx = Re[σxzu̇z] = Re[iωc55εxzuz] = c55ωqxu2
z , (4.6)

where we use Hooke’s law σxz = iqxc55uz for this particular component.
Strains involving displacements along x and y also contribute to jx, bring-
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ing in terms proportional to c11 and c66 respectively. Taken together we can
combine these contributions, using an average elastic modulus c, to obtain

jx = c qxω u2 =
c
ρvs

(
ρω2u2

)
= vs

(
ρω2u2

)
, (4.7)

where vs is an average speed of sound and ρ is the density. Because these
are thermally generated, random strains, there is no preferred direction
for qx and, in the absence of a thermal gradient, the net energy flux is zero.

However, in the presence of a thermal gradient along x, there is heat
transport. Conceptually, the thermal phonons travel a mean free distance
ℓ before they scatter and equilibrate with the local lattice temperature. The
net acoustic energy flux is then

jx,net = jx(x + ℓ) − jx(x − ℓ) = vs

(
ρω2u(x + ℓ)2 − ρω2u(x − ℓ)2

)
. (4.8)

Recognizing that ρω2u2 is the phonon energy density, U, we write

jx,net ≈ vsℓ
∂U
∂x
= vsℓC

∂T
∂x
= κxx

∂T
∂x

(4.9)

where C is the heat capacity, and we identify the longitudinal thermal con-
ductivity κxx = vsℓC. This thermal conductivity is extrinsic in the sense that
it is proportional to the phonon mean free path.

Now consider the heat flux when there is a non-zero Hall viscosity. In
particular, we consider an applied magnetic field along the c axis of α-
RuCl3. Returning to Equation 4.5, we find that the Hall viscosity produces
a transverse energy flux where, for example, the viscosity ηxzyz produces

jy = Re[2ηxzyzε̇xzu̇z] = ηxzyzω
2∂uz

∂x
uz =

ηxzyz

2ρ
∂

∂x

(
ρω2u2

z

)
, (4.10)

and the other two viscosity components ηyyxy and ηyxxx contribute similar
terms. In the absence of a temperature gradient, there will be no net trans-
verse heat flow, but if we enforce an amplitude gradient by applying a
temperature gradient along the x-direction, then we transfer the spatial
derivative to the applied temperature gradient and write

jy =
η

ρ
C
∂T
∂x
, (4.11)



CHAPTER 4. HALL VISCOSITY OF α-RUCL3 122

where η is an average Hall viscosity. Note that, while the transverse energy
flux requires a longitudinal temperature gradient, its magnitude does not
depend on the phonon mean free path—this effect is intrinsic.

Finally, the thermal Hall angle—the ratio of the thermal Hall conduc-
tivity and longitudinal thermal conductivity—is equal to the ratio of the
transverse and longitudinal heat currents. Using Equation 4.9 and Equa-
tion 4.11 we recover the estimate

κxy

κxx
=
η

ρ

C
κxx

. (4.12)

Note that using this equation to compare our measurement of ηxzyz to the
thermal Hall effect depends on the Hall viscosity being only weakly de-
pendent on frequency (since thermal measurements access much higher
phonon frequencies than do our ultrasound measurements). This assump-
tion is justified by the calculations of Dhakal et al., who find that the Hall
viscosity is independent of frequency for small wavevector.
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